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Abstract. We prove results towards the equidistribution of certain families 
of periodic torus orbits on homogeneous spaces, with particular focus on the 
case of the diagonal torus acting on quotients of PGL n (R). After attaching 
to each periodic orbit an integral invariant (the discriminant) our results have 
the following flavour: certain standard conjectures about the distribution of 
such orbits hold up to exceptional sets of at most 0(A e ) orbits of discriminant 
< A. The proof relies on the well-separatedness of periodic orbits together 
with measure rigidity for torus actions. We also give examples of sequences 
of periodic orbits of this action that fail to become equidistributed, even in 
higher rank. 

We give an application of our results to sharpen a theorem of Minkowski 
on ideal classes in totally real number fields of cubic and higher degrees. 
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1. Introduction. 

1.1. Periodic torus orbits. Let G — G(R) be a real algebraic group defined over 
Q (later we will specialize to the case of R-split groups), and T < G an arithmetic 
lattice. 1 Let L be a closed subgroup of G. We say that an L-orbit on T\G is periodic 
if it possesses a finite L-invariant measure 2 . Periodic orbits of subgroups L < G on 
such arithmetic quotients have been studied in various context by several authors, 
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H.e. a lattice in G contained in G(Q). 

2 This is not a completely standard definition, but is quite natural. 
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and have proved to be a fruitful meeting ground of dynamics and number theory. 
We note that there is nothing special about real algebraic groups: we could have 
equally well considered p-adic or 5-adic 3 groups. We focus on real groups only to 
simplify matters and for concreteness of exposition. 

The multiple facets of the study of periodic orbits on arithmetic quotients can 
already be seen in the simple but important case of G = PGL2. In this case, it is 
well-known that the following objects are essentially in bijection: 

(1) Closed geodesies on the modular surface SL 2 (Z)\H. 

(2) Periodic orbits of the diagonal subgroup of PGL 2 (R) on the arithmetic 
quotient PGL 2 (Z)\ PGL 2 (R) . 

(3) Ideal classes in real quadratic orders (e.g. Z[\/7j] for d > 0). 

A natural question one is led to, when studying periodic L-orbits on arithmetic 
quotients, is the following: 

Basic Question: to what extent do larger and larger periodic L-orbits fill out 
more and more ofT\G? 

If the group L is generated by its unipotent 4 elements, Ratner's measure classifi- 
cation theorem pTfl , together with a "linearization" technique developed in the work 
of Ratncr 38 , Dani-Margulis Shah [Q and elsewhere, can be used to give an 



essentially complete answer to the basic question above: larger and larger periodic 
L-orbits become equidistributed in F\G unless there are certain obvious obstacles 
present (see e.g. [|l5] and [M for such results with arithmetic consequences). 

Our aim in this paper and its sequels (currently two are planned) is to study 
periodic orbits of a maximal R-split torus H < G on G/T for G = G(R) an R-split 
group. Such groups H have by definition no unipotcnt elements whatsoever, and 
their action is much less well-understood 5 . While much of our discussion is quite 
general, we focus in the introduction and the later sections of this paper on the 
following two concrete examples: 

(L-l) G = PGL„, G = PGL„(R), r = PGL n (Z) 

(L-2) Dq a degree n division algebra over Q, with Dq ®q R = M n (R), G the 
group associated to invertible elements of D modulo center, G = G(R) = 
PGL„(R) and T < G the lattice associated with an order Ob in -Dq. 6 

Identifying G = PGL„(R), in both cases we can take H to be the group of n x 
n diagonal matrices 7 . Both examples come from a common family of lattices in 
PGL„(R) arising from central simple algebras; in the first case T\G is not compact, 
in the second it is. 

1.2. Discriminant, shape and volume of periodic orbits. Let H be an R-split 
maximal torus in G as above 8 . Note that since H is abelian, an orbit xH = TgH 
of H is periodic if and only if xH is a compact subset of T\G. 



3 I.e. products of real and p-adic groups (possibly for several different primes p). 
4 An element g of a (linear) algebraic group G(K) is said to be unipotent if for some faithful 
representation p of G, all eigenvalues of p(g) over the algebraic closure of K are equal to 1. 

5 At least for dim H > 2. 
6 C 



D See S4.1 



for a more complete discussion. 
^Considered as elements in PGL n (R), i.e. with proportional matrices identified. 

maximal torus in G is also called a Cartan subgroup, and we shall use the two terms 
interchangeably. 
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To such a periodic iJ-orbit we can attach several invariants. For example, we 
can look at the "shape" of the orbit, i.e. the stabilizer g^Tg fl H of x, which is 
a lattice in H. In particular, fixing a Haar measure on H, we can consider the 
volume (or regulator) of the periodic orbit xH , which by definition is the covolume 
of g~*Tg n H in H. We obtain another less obvious but nontheless important 
invariant of the periodic orbit, the discriminant of xH (denoted disc(xH)), by 
associating to each periodic orbit a rational point on an appropriate variety and 
looking at the denominator of this point. By definition the discriminant is always 
a positive integer. 

It turns out that the relative sizes of the discriminant and regulator of an orbits 
play a crucial role in the study of these orbits. In general, discriminant and regulator 



satisfy the following relations (see Proposition 2.8 below): there is some c (which 
can be taken to be 1/2 + e for the arithmetic quotients given in (L-l) and (L-2) 
above) so that for any periodic 77-orbit xH, 

(1.1) logdiscfa-H") < vol(xH) < disc(xH) c 

Our results, as well as the examples we give in Section |7[ all give credence to 
the general principle that the bigger the volume of a periodic orbit relative to its 
discriminant, the better the orbit is behaved. 

By considering periodic orbits individually, as we do in this paper, one does not 
take into account an important hidden symmetry of the problem. Returning to the 
example of periodic iJ-orbits on PGL2(Z)\ PGL^R), the "volume" of a periodic 
orbit is simply its length, or equivalently the length of the corresponding closed 
geodesies on SL(2,Z)\H, and the discriminant coincides with the discriminant of 
the associated real quadratic other. As is well-known, the length spectrum of closed 
geodesies in this case is far from simple. 

A similar property holds for all n, both for T = PGL„(Z) and more general 
lattices constructed from central simple algebras and division algebras. The pe- 
riodic H orbits naturally come in packets, with all orbits in a packet sharing the 
same discriminant, regulator, and even shape. These packets can be understood as 
projections to T\G of orbits of adelic Q-tori on G(Q)\G(A). The compact orbits 
belonging to a single packet are therefore parameterized by a finite abelian group 
- a suitable class group. 

One important property of these packets is that their total volume (which is 
simply the volume of any single orbit in the packet times the number of such 
periodic orbits) is equal to Z3 1 / 2 +°( 1 ) where D is the discriminant of the packet — 



i.e. essentially equal to the upper bound in (1.1). These packets are considered in 
detail in jl3[ |lj] . A coarser grouping of periodic orbits can be obtained by using 
Hecke correspondences, and this is analyzed in Q. 



1.3. Conjectures on higher rank rigidity. The dynamics of the group H is 
drastically different in the rank one and higher rank cases. In the rank one case, for 
example PGL 2 (Z)\ PGL 2 (M), the closing lemma assures us that each periodic orbit 
individually can be distributed in an almost arbitrary way; the situation is very 
different, however, if one considers packets of periodic orbits as will be explained 
below. 
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In the higher rank cases, the dynamics is much more rigid. For example, G. 
A. Margulis has highlighted the following conjecture, which is equivalent to a con- 
jecture about the values of products of linear forms formulated by Cassels and 
Swinerton-Dyer in 1955 ||: 

Conjecture 1.1. Let H be the subgroup of diagonal matrices in PGL„(R) for 
n>3. Any bounded 9 H -orbit in PGL n (Z)\ PGL„(R) is closed. 

There are also related conjectures regarding invariant measures, due to H. Fursten- 
berg (unpublished), A. Katok and R. Spatzier ^o), and G. A. Margulis (30); a fairly 
general variant of these conjectures can be found in jjj], Conjecture 2.4]. Concretely 
one expects the following: 

Conjecture 1.2. Let n > 3, G = PGL„(IR) ; T < G a lattice as in examples 
(L-l) or (L-2) above 10 . Let fi be an H -invariant and ergodic measure. Then \i 
is homogeneous: i.e. there is a closed group L < G so that /z is an L-invariant 
measure on a single L-orbit. 

Given these conjectures, it is reasonable to expect that periodic orbits of H are 
nicely distribute d in T\G. Indeed, as remarked by Margulis, the following follows 
from Conjecture LI and the isolation results of ||: 



Conjecture 1.3. Let n > 3. For any compact 51 c PGL„(Z)\ PGL n (lR) there are 
only finitely many periodic H-orbits contained in fi. 

1.4. Distribution and density of periodic orbits: statement of main re- 
sults. 

1.4.1. Periodic orbits and their approac h to infinity, in the noncompact case. We 



obtain the following towards Conjecture [L3 



Theorem 1.4. Let n > 3. For any compact il C PGL n (Z)\ PGL„(R) and any 
e > the total volume of all periodic H-orbits contained in fl of discriminant < D 
is <C E)Q D e . 

In contrast, for n = 2 we have the following: 

Theorem 1.5. For every e > there is a compact C PGL,2(Z)\ PGL^K) so 
that the total length of all periodic H-orbits contained in Q of discriminant < D is 

Further, even for n > 3, individual orbits may fail to become equidistributed, 
and, indeed, spend a positive fraction of their time "at oo" , at least asymptotically 



see Section 1.5 



1.4.2. Density and distribution in the compact case. In the following results, let 
T, G be as in (L-2) and n > 3. 

Given a finite collection Y = {xiH : 1 < i < 1} of periodic orbits, we define 

l 

disc(l") := max disc^if), vol(Y) :=^2vol(xiH). 



^I.e. an orbit with compact closure. 

^More generally, any lattice coming from a central simple algebra over Q; examples due to 
Rees |39t (a more accessible source is [^| Section 9]) show that in order to cover more general (even 
cocompact) lattices in G the conjecture should be reformulated to allow for rank one factors (see 
e.g. |@ or ||). 
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Given such a collection Y, we let py be the sum of volume measures on xiH, 
normalized to have total mass 1. 

Theorem 1.6. Let n > 3 and let p > be fixed. For each j > 1, Zei Yj 6e a finite 
collection of periodic H-orbits satisying disc(lj) — > oo and vol(Y^) > disc(Yj) p . 
Suppose there is no periodic orbit of a group H < L < G (with both inclusions 
proper) containing infinitely many periodic orbits belonging to [J Yj i. Then [JxjH = 
T\G. 



Our precise distribution result is stated in Theorem 5.1, but is rather complicated 
in general because of the existence of intermediate subgroups. For now we simply 
state a corollary of that theorem: 



Corollary 1.7. (to Theorem 5.1). Let T,G be as in (L-2) with n prime, and let 
p > be fixed. 

For each j > 1, let Yj be a finite collection of periodic H-orbits satisfying 
disc(Yj) — > oo and vol(Yj) > disc(Yj) p . Then any weak limit p of the py j sat- 
isfies 

p(B) > C„.p./i H aar(-B), 

for any measurable set B C X; here pna.&r is the G-invariant (Haar) probability 
measure on T\G(M) and c n is a positive constant which depends on n only. 

Example 1.8. A sequence {Yj}j>i to which this corollary applies is the following: 
let Vi < V<z < ■ ■ ■ < Vj, . . . denote the "volume spectrum" of X (i.e. the sequence of 
the volumes of all periodic ii-orbits in increasing order), and let Yj be the coll ectio n 
of all orbits of volume Vj. It can be shown that the hypothesis of Corollary 1.7 is 
satisfied for any p < 1/2 and j large enough. 

More generally, we can rephrase the corollary in the following way. Fixing a 
subset U C r\G(M), we call a periodic ii-orbit (f/,e)-bad if the compact orbit 
spends less than epn aar (U) time inside U. Then there is an constant c„ > 0, 
depending only on n, so that the total volume of (U, e)-bad orbits of discriminant 
< D is ^ £i ;7 D eCn . In particular, the total volume of periodic orbits that fail to 
intersect U and have discriminant < D is <C e u D s . 



1.4.3. Linnik's principle. The key observation behind Theorem 1.4 and Theorem 1.6 
is the following relation between total volume of a collection of periodic orbits in the 
relation to their discriminants and the entropy of any weak* limit. In his book |p6f , 
Yu. Linnik discusses several equidistribution problems, among them the equidistri- 
bution of packets of periodic geodesic trajectories on PGL2(Z)\ PGL2(M). Central 
to the proof of each of these equidistribution statements is a "basic lemma" which 
can be viewed as an implicit form of such a relation between volume and entropy, 
and so we call this general phenomenon Linnik's Principle. 

Theorem 1.9 (Linnik's Principle). For i > 1, let Yi be a collection of periodic 
H-orbits in X = T\G satisfying disc(Ti) — ► oo and vol(Yi) > disc(i^) p ; for some 
fixed p > 0. Let pi = /iyj be the probability measure associated with Yi. Suppose 
that pi — > p as i — > oo in the weak* topology for some probability measure p. Then 
for any regular h G H there is an explicit Ch > ( depending only on h) so that 

hn(h) > c h p. 
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1.5. Counterexamples to equidistribution. Theorems 1.4 and 1.6 as well as 



Corollary 1.7 fall far short of one possible candidate for an answer to the basic 
question of Section [O]: that possibly periodic i?-orbits of increasing volume which 
do not lie in any periodic orbits of a bigger group 11 become equidistributed in T\G. 
This is not just because of technical difficulties; indeed, this plausible statement 
regarding equidistribution of .ff-orbits is false, and the number of periodic _£/-orbits 
which fail to be equidistributed is asymptotically bigger than D a for some strictly 
positive a: 

Theorem 1.10. Let n > 2. There is a sequence of periodic H -orbits XiH on the 
space PGL„(Z)\ PGL„(R) and a, 8 > such that 

(1) any weak* limit of the probability measures fJ- Xi H supported on these periodic 
H-orbits has total mass < 1 — S. 

(2) the total volume vol({a; 4 ff : disc(xiH) < D}) > D a . 

This theorem is proved by an explicit construction (using a construction of Duke 
H|) suggested to us by P. Sarnak; a closely related construction in the special case 
of n = 2 can be found in jl2| . 

One might hope escape of mass to infinity is the only possible obstacle to equidis- 
tribution of periodic iJ-orbits, and that things are nicer in the compact case. For 



example, one might hope that Corollary 1.7 could be sharpened to give equidistri- 



bution, i.e. that the limiting measure fi = /iHaar- Even this seems highly unlikely. 

While we do not have a counterexample in this particular setting (i.e. G = 
PGL(n,R) and T as in (L-2), with n > 3) we believe the following is likely: that 
for any periodic _ff-orbits xqH in T\G, there should exists collections Yi of periodic 
-ff-orbits with discriminants in the range [Aj,2Aj] and with vol(y;) Af so that 
fii converge weak* to a measure fi assigning positive measure to the given periodic 
-ff-orbit XqH. Moreover, we give an explicit construction of this type in the S- 
arithmetic context in |L3|| . 

Besides showing the limit of what one may hope to prove regarding periodic 
torus orbits, these examples also point out to an important difference between torus 
actions and the action of groups generated by unipotents: linearization techniques 
a la Ratner, Dani-Margulis and Shah do not work for torus actions, at least not 
on the level of individual periodic orbits, and moreover any substitute for these 
techniques will either have to assume much more or give much less 12 . 



1.6. A conjecture. Evidence from harmonic an alys is. The construction of 
nonequidistributing periodic orbits described in Section [L5| involve orbits XiH that 
have very small volume relative to their discriminant: vo\(xiH) behaves as a poly- 
nomial in logdisc(xiff). We conjecture that this is the only source of bad behavior: 

Conjecture 1.11. Fix p > 0. Let G = G(R) be an M.-split real algebraic group, 
r < G an arithmetic lattice, and H a maximal M.-split torus. Let XiH be a sequence 
of periodic H-orbits satisfying vol(xiH) > disc(xiH) p . Then any weak limit of the 
measures fJ. Xi H is algebraic. 



^More formally, that there is no periodic orbits of a group L with H < L < G containing 
infinitely many of these periodic H-o rbit s. 

Indeed, to prove Theorems [Ll| and |l| we use isolation results flfj, G5| which can be viewed 
as a poor person's substitute for linearization techniques. 
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We emphasize that the above Conjecture does not exclude the case of G = PGL2. 
At first sight, this may appear too optimistic, in view of the discussion of Section 

~ to 



1.3, However, we expect the large torus orbits considered in Conjecture 



1.11 



enjoy a form of rigidity even in the case dim_ff = 1. The reason for this is related 



to the concept of packets, mentioned in Section 1.2. As remarked there, one may 
group the compact orbits into collections (packets) which admit an action of an 
adelic group and have total volume disc 1 ^ 2+ ° < - 1 \ 



It is likely that the large torus orbits considered in Conjecture 1.11 will retain 
an action of a usable subgroup of this adelic group. This extra action provides a 
substitute for a rank 2 torus action. 



Besides the results of §1.4, there exists further evidence for Conjecture |1 . 1 1| , 



based on recent progress in the analytic theory of L-functions. Let us restrict to 
r = PGL„(Z),G = PGL„(R). In this context, the exponent a — 1/2 is critical, 
because the total volume of all orbits of discriminant D is always ^> e . In 

the case n — 2, work of the third author with Harcos jlTj implies the conjecture for 
a slightly less than 1/2. Moreover, the GRH implies the conjecture for all a > 1/4. 
These results use (in addition to, respectively, the results of Jl?]] and the GRH) the 
relationship between torus orbits and Rankin-Selberg L-functions, established in 
the work of Waldspurger, Katok-Sarnak and Popa (see e.g. |34|, Theorem 6.5.1]). 

It is worth emphasizing here that a = 1/4 mark the limit of "naive" harmonic 
analysis. One advantage of the ergodic theoretic methods used in this paper is that 



results such as Corollary 1.7 yield nontrivial information even for very small a. In 
|l4| , we shall combine harmonic analysis and ergodic methods to obtain results for 
n = 3. 

1.7. Analogy with x2 x 3. The dynamics of x \ ^ 2x, x 1 > 3x on R/Z are, in many 
ways, similar to the action of the diagonal group on PGL„(R)/PGL n (Z). Here the 
periodic points are exactly the rationals x — p/q with (p, q) = 1 = (q, 6). 

Then the orbit 2 n .3 m .x has two natural invariants: the size g (i.e. the order of 
the group (2,3) C (Z/qZ) x ) and the denominator q. These are analogues of the 
volume and discriminant of a compact LT-orbit. Again, the relation between these 
two is a mystery, especially as far as how small g can be; we do not even know that 
g> lOO(logg) 2 . 

In their paper || Bourgain, Glibichuk and Konyagin prove: 

Theorem 1.12 (Bourgain-Glibichuk-Konyagin). Let p > be fixed. Let q be prime 
and let G C (Z/gZ) x be a subgroup satisfying \G\ > q p . Then for any a £ (Z/gZ) x , 
we have: 



x£G 



< \G\q~ 



where 6 > depends only on p. 



In particular, if q is a prime so that the order of (2,3) C (Z/gZ) x is large, 
then this theorem implies the periodic orbits of x2 x 3 with denominator q are 



equidistributed individually, as q — > 00, in analogy with Conjecture 1.11. The 
restriction that q be prime has been lifted in Q and subsequent work. 

The analogy with x2 x 3 is also useful to illustrate, in an explicit context, many 
of the ideas that are used in this paper. In this vein, we present the analogue of 



Corollary 1.7 as well as a sketch of its proof. 
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Proposition 1.13. Fix p > p' > and a subinterval J C R/Z. Let S C q X Z/Z 
be invariant under i — * 3a; and so that \S\ > q p . Then, for sufficiently 
large q, we have 

\snJ\ h 

> p'length(J) 

Equivalently: let 5, C q^Z/Z with > q? be invariant under 
Let pi be the corresponding normalized measure 13 . Then any weak limit of the pi 

dominates p./^Lebesgue- 

Proof. We make free use of the notion of entropy. 14 Let V be the partition of R/Z 
into [0, 1/2) U [1/2,1); let V {n) := V V [2\- x V V . . . [2™- 1 ]- 1 ??. Here [to]" 1 ?? denotes 
the partition into {x : mx € [0, 1/2)} and its complement. 

Let ni be minimal so that 2 Ui > q{. Then any two elements of Si lie in distinct 
parts of the partition From this it follows that > log(gj). By the 

subadditivity of entropy, 

H^{V^) < H m {V) +H IH {W X V) + ■■■ + HnQF*- 1 ]- 1 ?) 

Because pi is invariant under x i— > 2x, the summands on the right-hand side are 
equal. Therefore, H^iV) > log J s ' I . Passing to the limit, we conclude that any 
weak limit p of the pi satisfies: 

(1.2) F M (P)>plog2. 

By a simple variation of this argument, one verifies that H^V^') > A:plog2. 
This implies that the entropy of the transformation x i— ► 2x w.r.t. p is > plog2. 

We may now apply the following theorem of Rudolph j^j]] : A probability measure 
on R/Z, ergodic and invariant for x2 x 3, which has positive entropy w.r.t. x2, is 
Lebesgue measure. 

To apply it, we decompose p into ergodic components with respect to x2 x 3. 
Because any probability measure on R/Z has entropy < log 2 w.r.t. x2, it follows 
that p must dominate a measure p! with total mass > p and so that almost every 
ergodic component of p! has positive entropy w.r.t. x2. By Rudolph's theorem, p! 
dominates p.^Lebesgue- □ 

The key points in the above proof were: the fact that elements of Si were well- 
separated at a small scale (namely f?" 1 ); the use of subadditivity of entropy; and 
Rudolph's theorem. The proof of most of the results of this paper, including Corol- 



lary 1.7, will use similar ideas in the T\G context. The well-separated property is 



established in Proposition 2.3, and we replace the use of Rudolph's theorem with 
the results of Q . 
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2. The description of periodic orbits 



Let notation be as in Section 1.2 



Our aim in this section is to discuss the parameterization of periodic Cartan 
orbits and to attach to each orbit an integral invariant, the discriminant. The 
point is that periodic orbits will be parameterized by rational points on a certain 
variety (namely, the variety of tori inside G) and the discriminant will be the 
denominator of the associated point. 

(1) Two periodic orbits of discriminant < D cannot be too close: if C G is 
compact, and <?.; € f2 are such that g\H ^ <?2-ffj and TgiH ar e pe riodic, 
then the distance between 31,32 is ^5>n D^ 1 . (Sec Proposition \}A[ which 
shows a sharper form of this statement). 

(2) A periodic orbit of discriminant < D cannot go t oo c lose to 00 - this is of 
relevance only if T\G is noncompact (Proposition |2.5| .) 

(3) The volume of a periodic orbit of discriminant D is bounded, up to con- 



stants, between \ogD and D c , for c > (Proposition 2.8) 



(4) The number of periodic Cartan orbits of discriminant < D is bounded, up 



to constants, between D A and D B , for A, B > (Proposition 2.9). 
A serious omission in the present account will be that we will avoid any explicit 
discussion of packets, the natural equivalence relation on periodic orbits. This will 
be discussed in the paper H); see also Remark L5 in the present paper. 

The paramaterization of periodic orbits that we present here is essentially well- 
known; see e.g. fl32[ . The primary goal of this section is, rather, to define the 
discriminant and show that it crudely controls the dynamics of the orbit, as dis- 
cussed above. 



In Section 4.1 we will specialize some of the discussion presented here to algebraic 



groups defined by central simple algebras and to the case of PGL„. 

2.1. Notation. As a general rule, we will use boldface letters for algebraic varieties, 
algebraic groups and so forth. 

Let G be a semisimple group over Q and put G = G(K). We will assume 
throughout this document that G is split over R. While the techniques and ideas 
extend to the general case, this assumption allows for the most elegant and coherent 
treatment. 

Let P be an arithmetic subgroup of G that is commensurable with G(Q) D 
GL(n, Z) for some fixed embedding p of G into GL(n) defined over Q. Let X = T\G 
be the associated homogeneous space. Let g = Lie(G) be the Lie algebra of G; thus 
is a Lie algebra over Q. We fix once and for all a lattice Qz in g and a G-invariant 
nondegenerate bilinear symmetric form B(-,-) defined by 

B(X,Y) = Tr(p(X)p(Y)) 

for some fixed faithful representation p. We assume that these choices have the 
properties that: Qz is stable by the adjoint action of T, B(qz, Qz) C Z, and [jjz, Qz] C 
Qz- We can always find such a Qz (once one has a T-stable lattice, a suitable integral 
multiple of it will satisfy the latter two properties). 
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Let H be an R-split Cartan subgroup of G (i.e. H is the centralizer of a split 
Cartan subalgebra of g£g> R.) The chosen data fix a Haar measure on H: the form B 
restricted to the Lie algebra t) = Lie(H) is nondegenerate and we shall use the Haar 
measure on H determined by a top differential form on f) self-dual with respect to 
B. 

Fix an Euclidean norm ||-|| on g; this also induces an Euclidean norm on A e g for 
any I. The choice of Euclidean norm on g determines a left invariant Riemannian 
metric d(-, •) on G which induces also a metric on X = T\G. 

Recall (see, e.g. Remark 3.6]) that for any R > — f the set 

(2.1) n(R) = {Tg : ||Ad(g _1 )w|| > R^ 1 for all nonzero v G g z } 

is compact with IJ^ £l(R) = T\G. It can easily be shown, e.g. using reduction 
theory 15 that every x G il(R) can be represented as x — Tg for some g with 
||Ad(g)|| <C R; here |j Ad(g)|| denotes the operator norm of Ad(g). with respect to 
the fixed Euclidean norm on g. 

Finally, in what follows, we will allow the implicit constant in constructions such 
as O(-), <C, 3> to depend on the data fixed above (in particular G, T, gz). 

2.2. The parameterization of periodic orbits. We discuss in this section how 
to parameterize periodic orbits of if on A. 

Given a periodic orbit TgH of H on A, the stabilizer in H of any point in this 
orbit, i.e. H{^g^ 1 Tg 1 is necessarily a cocompact lattice in H. The Zariski closure of 
THgHg -1 is then a torus T defined over Q with the property that T(R) = gHg~ x . 
The fact that T n T(M) is an arithmetic cocompact subgroup of T(K) assures us 
that T is Q-anisotropic. 16 

Proposition 2.1 (Basic correspondence). There is a canonical bijection between 

(1) periodic H-orbits TgH on T\G, and 

(2) V -orbits on pairs (T, gH). Here T is a maximal Q-torus that is anisotropic 
and M.-split, and gH G G/H is such that gHg^ 1 — T(R), and 7 G T acts 
via(T,gH)^(jTj-\ lg H). 

Proof. The correspondence has already been indicated: to a periodic ii-orbit TgH 
we associate (T,gH), where T is the Zariski closure of T n gHg^ 1 . In the reverse 
direction, we associate to (T, gH) the orbit TgH ; it is compact because T n T(M) 
is a cocompact lattice in T(R). □ 

We remark that T, which is necessarily R-split, determines the periodic H- 
orbit up to finitely many possibilities. Indeed, each T corresponds to precisely one 
periodic Ac(iJ)-orbit, and so to at most \H\Nq{H)\ many periodic iJ-orbits. 



15 Indeed, fix a maximally Q-split torus T C G, and let Ao = T (M). Take x G Q(R). It has 
by reduction theory a representative S.a.K £ G, where a G Ao, 8 belongs to a finite subset of G(Q), 
and k belongs to a fixed compact subset of G. But then inf„g Bz || Ad(cj) - 1 v\\ is bounded above and 
below by multiples of || Ad(a~ 1 )|j, because the eigenspaces of Ad(a _1 ) are Q-rational subspaces 
of g. Moreover, || Ad(a —1 )|| is bounded above and below by multiples of || Ad(</ _1 )||. Finally, note 
that || Ad(p)|| is bounded from above and below by multiples of sup^n ||„||— 1 \B(Ad(g)u, v)\ and 

so also by multiples of || Ad(g _1 ||. 
16 A 

character \ defined on T over Q would map the integer points T(Z) to a subgroup x(T(Z)) 
of <Q X whose elements allow a common denominator, clearly this subgroup must be trivial and so 
the same holds for \ since T(Z) is a cocompact subgroup of T(R). 
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2.3. The discriminant of a periodic orbit. We would like to attach to each 
periodic orbit xqH a positive integral invariant, the discriminant. 



We will do this by means of the correspondence of Proposition 2.1: we will assign 
a positive integer to each maximal Q-torus contained in G, in a T-invariant fashion. 
This will be done by interpreting Q-torii as rational points on some variety, and 
interpreting the discriminant as the "least common denominator" in the coordinates 
of these points. 17 

Let r be the rank of G. The bilinear form B on g gives rise to a bilinear form 
B A on A r g determined by 

B A (xi A • • • A x r ,yi A • • ■ A y r ) — det(B(x i; yj)) r iJ=1 . 

Set V = A'g ® A r g, V z = A r 0z <8> A r Qz- 

For g E G, we will often use the notation Ad(g) to denote the natural action of 
g E G on any of g (the adjoint action), A r g and V. 

For any maximal R-split Cartan subalgebra t < g we define t(t) £ V by taking 
any w £ A r t and setting 

to ® tu 



(2.2) i(t) 



B A (w,w) 



Since the form B restricted to an R-split Cartan subalgebra t is positive definite, 
for any nonzero w E A r t we have that B A r a (w,w) > 0. If t is the Lie algebra 
of a Q-torus, tz = t n gz is a lattice in t. Choose a basis ei, . . . , e r of tz; then 
w = ei A • • • A e r is a primitive element of A r gz, B A (w, w) is a positive integer, and 
is the smallest integer n such that ni(t) E V%. 

The map g i— > gfyg^ 1 gives a bijection between G/Na{H) and E-split Cartan 
subalgebras of g, hence we can view t as a map from G/Ng(H) to V. If T^ff is a 
periodic orbit gfyg' 1 is the Lie algebra of an R-split Q-torus of G. 

Definition 2.2. Let t be the Lie algebra of a maximal R-split Q-torus of G; We 
define the discriminant disc(t) = min{n £ N : ru(t) £ Vz}- We define the discrim- 
inant of the periodic orbit TgH to be the discriminant of gi)g _1 ■ 

We remark that disc(Ad(7)t) = disc(t) for 7 £ T, by virtue of the assumption 
that gz is invariant under the adjoint action of T, and hence the discriminant of a 
periodic orbit is well-defined. 

2.4. Discriminant, discreteness and related properties of closed orbits. 

The definition of the discriminant of periodic _ff-orbits, and its interpretation in 
terms of integral points on hypersurfaces, imply several useful facts. The fact that 
integral points are spaced by > 1 translates to the following basic proposition, show- 
ing that two periodic 7J-orbits of small discriminant cannot be too close. Though 
simple, this observation is absolutely crucial to our approach. 

Proposition 2.3. (Discreteness of periodic orbits - weaker form.) Let Q C G be a 
fixed compact subset of G. Suppose 31,172 £ a?~e so that TgiH are periodic orbits 
of discriminant < D with giNc(H) ^ g2Nc{H). Then d{gx,gi) D~ 2 . 



17 We remark that this "discriminant" is not a canonical construction, e.g. it depends on the 
choices of the lattice gz and the bilinear symmetric form £?(•, •). However, as we will see later 
we have set it up so that it agrees with the notion of discriminant for a number field or order 
(assuming the right choices have been made). 
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Note that we do not assume that TgiNo(H) ^ Fg 2 Nc{H), i.e. the proposition 
also describes how close a particular periodic orbit can come to itself. 



Proof. Let U = Ad(tfo)f). Then ||t(ti) - t(t 2 )|| > L>~ 2 , as is clear from (gj). But 
the map g > i (Ad (<?)()) is a smooth map from Q to A r £j; in particular, it cannot 
increase distances by more than a constant factor depending on Q. □ 

Actually we prefer to give a slightly sharper version of this result, which both 
explicates the dependence on f2 and gives better dependence on D. 

Proposition 2.4. (Discreteness of periodic orbits - sharper form.) Suppose gi,g 2 
satisfy \\ Ad(gi)\\ < R and are such that TgiH are periodic orbits of discriminant 
Di respectively with giNc{H) ^= g 2 Nc(H) Then 



R -r D -l/2 

r- 2t {d x d 2 



-1/2 



£> = £>i = 
D ± + D 2 



Do 



Proof. Let YgiH be periodic, = gfyg^ and Di — disc(TgiH). Let wq S A r f) be 
such that B^(wq, wq) — 1 (this fixes wq up to sign), and set Wi = Ad(gi)[wo]. Since 
9\Ng{H) ^ g2Na(H) we have that w\ ^ w 2 . 

1/2 

It follows from the definition of discriminant that D { Wi S A r gz. Indeed, if 
ei, . . . , e r are a basis of n 0z then w = e\ A • • • A e r G A r jjz is an element of A r t 

1 /2 

with B A (w,w) = Di. On the other hand D { Wi has the same property; hence 
D} /2 Wi = ±w€ A r g z . 



and D 1 l 2 w 2 are 
Ad(5i)w - 



Consider first the case D\ = D 2 = D. Then, since D 1 l 2 w\ 

_ l 

two distinct "integral points", we have ||u>i — w 2 \\ ^> D z, i.e. 
Ad( 52 )w;o|| » D- 1 ' 2 . 

The operator norm of Ad(gi) acting on q is < R; therefore, the operator norm 
of Ad(<7i) acting on A r g is < R r , and we conclude that 

|K - Ad(g^g 2 )wo\\ » iT^D" 1 / 2 . 

This shows that d(g 1 ,g 2 ) = d(e,g^ 1 g 2 ) > R~ r D~ 1 l 2 . 

1 /2 1 /2 

Now consider the case D\ ^ D 2 . Then D x ' w\ and D 2 ' w 2 are two nonpropor- 
tional integer points, hence they span a parallelogram of area 3> 1 and so 



(2.3) 



D 2 (w 2 - wi ) 



D\ /2 W1 



» 1. 



As before, the operator norm of Ad{g\) on A r g is < i? r , so 1 1 w\\\ = ||Ad(gi)u> | <C 
R r and so from (2.3) we get that 

IK-tuall » fl-^DiDa)- 1 / 2 . 

Proceeding again as in the previous case, we see that d(gi,g 2 ) 3> R~ 2r (D^D^ 1 ! 2 . 

□ 



The discriminant also bounds how high a periodic H orbit can penetrate the 
cusps of r\G. Recall ( |2.l| ) for the definition of O(-). 

Proposition 2.5. Lei Tgi/ &e a periodic H-orbit of discriminant D. Then Tg € 
fi(cD dim B/ 2 ) /or some constants c > (independent of g). 
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Proof. The idea is that f)fl Ad(g~ 1 )gz has (by definition of discriminant, and lattice 
reduction) a basis consisting of vectors that are not too long. From this, we need 
to finesse that the same is actually true for Ad(g~ 1 )gz- But if it contained short 
vectors, they would generate a nilpotent subalgebra n normalized by t); this would 
mean that Ad(g)n would be a Q-rational nilpotent algebra normalized by t = 
Ad(<?)f), a contradiction, for the associated torus is anisotropic. 

Let ei,...,e r be a basis for tfl fife. Since B(ei,ej) G Z for every i,j and 
det(S(ej, ej-)) = D, lattice reduction shows that we can choose the basis e$ so 
that B(ei, ej) < cqD, the constant Co depending only on r. Since e[ := Ad(<?)ej G rj, 
and on f) the form B(-, •) is positive definite, this implies that 

IKH < c^Bie'i, e.0 1/2 < Cl D^ 2 for 1 < i < r. 

Therefore, fjnAd(g _1 )gz has a basis of vectors of length < c\D x l 2 . We may assume 
ci > 1 , increasing it if necessary. 

On the other hand, there is some c 2 > 1 so that 

IIMII<C2|M| Ml- 

For i > 0, let gj be the subspace spanned by X G Ad(g _1 )jjz with ||A|| < 
C 2^ 1 ( c 2 c i-D 1 ^ 2 ) ^ Then for i > 1 we have [f),fji] G 0i_i; moreover, for any i,j > 1 
we have [fli, 3 ] G Qi+j- So there is i < dim(g) so that = Qi + \. Then n :— kA{g)Qi 
is, if nonempty, at = Ad(g)rj-stable nilpotent subalgebra of q defined over Q. 

It follows that t normalizes the nilpotent Lie algebra Ad(g)n, which is defined 
over Q. But this is a contradiction unless n is trivial, for T is anisotropic. 18 

We conclude that Ad((/~ 1 )gz had no nonzero elements of norm < c3D -dlms / 2 . 

□ 

The exponent here could be considerably improved. It is easy to see, for in- 
stance, that t he e xponent dimg/2 could be replaced by 1/2 for G = PGL2 (see 



also Corollary 12). This is indeed sharp: 



Example 2.6. Let G = PGL 2 (M), T = PGL 2 (Z), H the group of diagonal matrices 
and d a square free positive integer. Then for g = ^ s/d^j ^ e P 0ln ^ ^ 1S 
periodic under H, of discriminant a constant multiple of d (assuming one makes 
the obvious choices for Qz etc. 19 ) Take v = ^ qJ e f z - Then 

. If 1/Vd 1/Vd 

This implies g G f^cod 1 / 2 ) for a suitable absolute constant cq. 

We recall the following useful fact about 77-orbits: 

Theorem 2.7 (Tomanov and Weiss jl6| Thm 1.3]). There is an Rq so that for 
every x G T\G we have that £!(i?o) ^ x ^ ^ ^' 



^Over an algebraic closure, t © n is solvable and so contained in a Borel subalgebra, and so 
all the roots of T on n are positive in a suitable system. This means that the determinant of the 
action of T on n cannot be trivial, and so defines a nontrivial character of T. 

19 These (unilluminating) choices are set up for PGL n (Z)\ PGL n (R) in Section^ 
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There is a relation between the discriminant and the volume of a periodic H- 
orbit. This connection is explicated in the context of central simple algebras in 



§4.1. Here we give the following general (and less accurate) bounds: 
Proposition 2.8. Let Tg n H be periodic H-orbit. Then 
(2.4) logdisc(r 5Q ff) < vol(Tg H) < disc(Tg H) c . 

for some c. 



Proof. Let xo = Tgo be a point with x$H a periodic -H-orbit. By Theorem 2.7, we 
may assume go is in some fixed compact subset O C G. Since go € O, there are 
generators hi, . . . ,h r of gQ 1 Tgo H H (possibly up to finite index) so that 

vo\(x H) = vo1(<7q r 'go\H) ^> maxd(e, hi). 

i 

It follows that, if one chooses a basis of g belonging to the lattice gz, then Ad (74) = 
Ad(<7o^j3o" 1 ) 1S represented (w.r.t. this basis) by an integral matrix all of whose 
coordinates are exp(0(vol(a;o-ff))). 

The Lie algebra go^g^ 1 is precisely the subspace fixed by the action of all 7,-. 
Thus there is 20 a nonzero w £ f\ r Qz n ^\ r go^)9o with \\w\\ <C exp(0(vol(a;o-ff)))- 
One concludes: 

logdisc(a;o-ff) < logS A r g (w,w) -C vol(xo-ff). 

This proves the lower bound in ( |2.4|). 

To prove the upper bound in (|!|)) let 6 C G be such that G — T& and 6 
has finite Haar measure. An example of such a set is furnished by Siegel domains 
(see f| Sec. 4]). Let &(R) = {g G 6 : Tg £ ft(R)}. These Siegel domains have 
the following additional property which will be useful for us (and is easily verified 
directly from their definition) : for a suitable C, (3 > 

MHaar(£fl-,« (6 OR))) < C for all R > 

where fl tf (S) = {.9 G G : d( 5 , S) < <5}. 

Let D = disc(x Q H). By Proposition |J, the orbit x H C L6(cD dim s/ 2 ), and so 
we can write xqH C G as a (finite or countable) disjoint union lj ig j TSi with each 
S t C n &(cD dim ^ 2 ) for some 9; S G lying in distinct cosets of if. Let J' C J 
be such that giNa(H) ^ gjNa(H) for every £, j G J' and such that 

E vo1 ^) 

ieJ' 

is maximal among all possible choices of J'. Then J2ie /' vol^O ^> voI(xqH). 



By Proposition 2.4, for every pair i,j £ J' with i =/= j we have that 
B^) n = for 6 < 2c 4 L>~ C5 



Given integer matrices in M n (Z), all of whom have all matrix entries < N, it is easy to see — 
Siegel's lemma — that their common kernel, if nonempty, contains an element of length <g N c ( n > , 
where c(n) depends only on n. 
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< C4 < 1 and C5 > (3 being some constants independent of xq. Then 

l»maa r (S C4 D-5(6(^ dimB/2 ))) 
- X! MHaar(-B C4l 5-a 5 (Si)) 

> D- c 'vol(S t ) > D- c 'vo\{x Q H). 

ieJ' 

□ 

Proposition 2.9. Let N(D) be the number of periodic orbits with discriminant 
less than D. Then there exists c\, c-i such that D Cl <§C N(D) <C D C2 . 

First proof of upper bound. Our proof of the upper bound on the volume of a pe- 



riodic orbit in Proposition 2.8 applies equally well to a union of periodic orbits of 
a common discriminant. In other words, the proof of that proposition gives that if 
xiH, . . . ,x n H are distinct periodic H orbits with disc(xiiJ) = • • • = disc(a; n if) = 
D then 

J2vol{x z H) < D c 

i 

hence the total volume of all periodic orbits of discriminant < D is <C D c+1 . 



By the lower bound in Proposition 2.£ , the volume of a periodic iJ-orbit is ^> 1, 



21 



and we conclude that N(D) < D c+1 . □ 
Second proof of upper bound. For any periodic orbit TgH with discriminant < D 



and associated torus T, the point i(t) e V defined by ( j2.2[) satisfies i(t) = Ad(g)i(f)). 
By Theorem |2.7j g may be taken to belong to a fixed compact subset of G; therefore 
t(t) belongs to a fixed compact subset of V and has (by definition of discriminant) 
denominator < D with respect to the lattice V%. It follows the number of possibil- 
ities for t(t) is < D dimV+1 . □ 

The lower bound in Proposition |2.9| is closely tied to the notion of packets, as 
well as the implicit actions of adelic groups, which will be discussed further in 

Proof for the lower bound. Let TgH be a periodic orbit, so that gHg~ 1 = T(R) 
for an anisotropic torus T C G as in Proposition |2.l[ The existence of one such 
orbit is established in ||, Thm. 2.13] . Then for S G G(Q), the orbit TSgH is 
also periodic; moreover, if Si, S2 define distinct classes in r\G(Q)/T(Q), the orbits 
TSigH and T82gH are distinct. 

It suffices, then, to show that there exist "many" elements in T\G(Q)/T(Q). 
To do this, we shall make some use of adelic language; this is natural, because the 
simplest way of even showing that G(Q) has "many" elements is the fact that G(Q) 
is a lattice in G(A). 

In the following argument, Nq will denote a sufficiently large integer. If it is 
taken sufficiently large (depending only on G, T, T) then all the statements of the 
form "for p > iVo" will be valid. Let A/ be the ring of finite adeles, i.e. A/ consists 
of the restricted product (x p ) € II where x p € Z p for almost all p. Pick an 
open compact subgroup Kf — Y[ p Kp °f G(A/) containing T. It is a theorem [ [33"[ 
Theorem 5.1] that the "class number" Kf\G(Af)/G(Q) is finite. Pick, therefore, a 



21 Of course, this can also be seen directly and elementarily. 
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finite set of representatives u>i, . . . ,u) r for if/\G(A/)/G(Q). We may assume that 
Uj £ K p for all p > Nq . 

Let V be a set containing prime numbers larger than Nq; for each p £ V suppose 
we are given g p £ G(Q p ) which does not belong to K p T(Q p ). For each p £ V, there 
are S p £ G(Q), 1 < j{p) <r,k p £ K f so that 

g p = k p uij( p ^5 p . 

We claim the associated cosets r<5 p T((Q)) are disjoint. For, if we had an equality 
r<5 p T(Q) = r5 g T(Q), we must in particular, have an equality 

Looking at the "p-component" of this shows that g p £ K p T(Q p ), a contradiction. 

Now let us produce such a collection {g p }. Let K be a field over which T splits. 
Thus G also splits over K. Let a be a root of T and u a : <G Q — > G the corresponding 
root subgroup. This morphism of algebraic groups is defined over K. If p > iVo is 
prime and we pick an embedding K Q p (if one exists), we obtain in an obvious 
way an embedding u a ' Gr a — * G over Q p . We note that such an embedding exists 
for a positive density of p, by the Chebotarev density theorem. 

We claim that - for any such p that is sufficiently large, say p > Nq - we must 
have g p :— w Q (p _1 ) ^ K p T(Q p ), and moreover the discriminant of the associated 
periodic orbit T5 p gH is < C3p C4 . These two claims together complete the proof of 
the lower bound. 

The first claim may be deduced as follows. Suppose that g p £ K p T(Q p ). Then 
there exists t p £ T(Q p ) so that u a (p~ 1 ).t~ 1 £ K p . The image of u a defines a 
closed subvariety of the affine algebraic variety G/T. This means that there exists a 
regular, right T-invariant function f a on the algebraic variety G, with the property 
that it extends the function u a (x) i— > x. For sufficiently large p we would necessarily 
have f a (K p ) C Z p , contradicting the fact that u a {p~ l ).t~ 1 £ K p . 

The second claim follows from the following fact. There is a constant C > so 
that, for all p> N and for all K <-+ Q p , Ad(g p ).(Vz ® Z p ) C p~ c '(Vz ® Z p ). Here 
Vz is as in the definition of discriminant in Section |2.3| . Indeed, 

Ad(g p )(V z (8 Z p ) = Ad o u a (p- x )(Vi ® Zp). 

Now Ad o m q defines a morphism of algebraic groups from G a to GL(V) defined 
over K; choosing a if -basis for V, the different matrix entries of Ad o u a (x) define 
a collection of one- variable polynomials in K[x\. It would suffice to take for C the 
largest degree of any one of these polynomials. □ 



Proposition 2.8 and Proposition |2.9| together imply that the number of periodic 



i?-orbits of volume < R is at most exp(ci?) for some c (cf. |32 where the finiteness 
of the number of such orbits is established). 

This bound can be improved in the specific examples; see, for example, Corol- 



lary 4.2, where it is shown that for X — PGL(n, Z)\ PGL(n, R) the number of 
periodic if -orbits of volume < R is bounded by a bound of the form exp(ci? 1 / 2 ) 
which up to the precise value of c is sharp. 

3. Periodic -//-orbits and positive entropy 



Our main aim in this section is to prove positive entropy for limit measures arising 
from periodic TJ-orbits, i.e. Linnik's Principle in Theorem 1.9. Throughout this 
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section, let G be an M-split algebraic group defined over Q, let T be an arithmetic 
lattice in G = G(R) (as always commensurable with G(Z)), H be an M-split Cartan 
subgroup of G, and \) = Lie_ff. 

For any x G t} there is attached a one parameter subgroup a(t) = exp(te) of 
H , and for Haar measure /LtHaar on T\G one can easily show that the metric (or 
Kolmogorov-Sinai) entropy of the flow is given by 

(3-1) = ^War M 1 )) = H max(0,a(x)) 

where $ denotes the set of roots of G. 

Theorem 3.1. Let x £ LieH and a(t) = exp(te) be a one-parameter subgroup of 
H as above, and p an arbitrary positive real number. Let Yi — {y^yH, . . . ,yi^ ni H} 
be a collection of periodic H -orbits in X = T\G and Aj — * oo satisfying 

(1) the discriminants of all y%jH for j = 1, . . . , n-i are at most A* 

(2) the total volume of all the orbits in Yi is bigger than A^. 

Let Hi be the sum of the volume measures on the periodic H -orbits yijH in Yi 
(l< j < Hi), divided by the total volume of these orbits (so that pi is a probability 
measure). Suppose that 

(3) /li — > h as i — > oo in the weak* topology for some probability measure p:. 
Then 

(3.2) M°(0) > pmto.\a(x)\ /2. 

//, instead of (Q) above, one assumes 

(0) the discriminant of all yi.jH for j = 1, . . . , m is equal to Aj 
then J3.2| ) can be improved to 



<M') KiO) >pmin|a(a;)| 

aE* 



For concreteness, we consider explicitly the case of G = SL(n,M), H the group 
of the diagonal matrices, x € f) the diagonal matrix with entries (n — l)/2, (n — 
3)/2, . . . , — (n — l)/2, and a(t) the corresponding one parameter subgroup of H. In 
this case the roots are a(y) = yi — yj where y € f) a diagonal matrix with entries 
yi,...,y n , and hence by ( |3.l| ) gives /!,,„„,(«(■)) = ("J 1 )- It follows that in the 
notations of Theorem |3.l| we have 

! pfe '' H /C+i^ under assumption (|l|) 
pV w 3 (<)) , • 
— ^+1^ under assumption (|1[). 

Neither of these bounds seem tight, and indeed in some cases a better bounds can 
be obtained. In particular, for G = PGL 2 one can prove under assumption (1') 
a sharp estimate hu > 2p. Such a bound (which is far from being trivial, even 
in this very simple context), or more precisely a p-adic analog of such a bound, 
can be deduced from Linnik's "basic lemma" in p6| , and a simplified and explicit 
derivation of this bound will be given in [|l3| . 

We wish to draw attention to assumption (||) in Theorem 3.1. If X = T\G is 



compact then by passing to a subsequence if necessary this assumption is automat- 
ically satisfied. On the other hand, if T is not a uniform lattice in G, whether (||) is 
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satisfied or not is a rather interesting issue; e.g. for G = PGL n it is closely related 
to analytic properties of Dedekind £- functions. 



If one is willing to compromise on the quality of the entropy bound (3.2) or 



(3.2'), it is possible to relax slightly the assumption that fi,(X) = 1, assuming only 
that n{X) > c for some explicit c (which for large n will be extremely close to 1). 
We do not give the details as this situation does not seem likely to arise in any 
natural context. 

3.1. Entropy and bounds on measures of tubes. In this and the next sub- 
section we review some well-known facts about entropy in a form which will be 



convenient for our purposes and deduce Theorem 3.1 from the following proposi- 
tion. Note that the fact that we are dealing with spaces which are not compact 
causes minor complication in an otherwise straightforward argument. Moreover, 
because the space might not be compact it is necessary to assume that the weak* 
limit is a probability measure. 

Let a(t) denote a R-diagonalizable one parameter subgroup of a semisimple group 
G = G(K) as above. Fix some open neighborhood of the identity B C G. For any 
s < t e M+, denote 

= a(-s)Ba(s) H a(-t)Ba{t). 

Proposition 3.2. Suppose fii is a sequence of a(t) -invariant probability measures 
onT\G converging in the weak* topology to a probability measure fi. Suppose further 
that there is a sequence of positive real numbers ti — > oo so that, for every compact 
fl C r\G, there exists an open neighborhood of the identity B c G with: 

(3.3) /n x w ({(x,y) eil 2 :ye atfC-*'*)}) < Cne" 2 " 4 *. 

Then the metric entropy of fi with respect to the flow a(t) satisfies /i M (a(i)) > rj. 

In particular, we have the following: 

Corollary 3.3. Let fa, [i be a(t) -invariant probability measures on T\G with fa — > 
/i. Suppose that there is a sequence of positive real numbers U — > oo so that, for 
every compact 51 C T\G, there exists an open neighborhood of the identity B C G 
with 

(3.4) m (xB { - u > u) ^ < C' n e' 2vt ' for every x e Q. 
Then the metric entropy of the flow a(t) satisfies /i M (a(i)) > r/. 



Proof of Corollary \3.q assuming Proposition 3.L By Fubini 



(3.5) tM x Ml (Ux,y) e n 2 : y G xB^^^j = f m (xB^^ n fi) dfn(x) 



applying (3.4) we get 

@J < C a I e-**dm{x) < C' n e' 2 ^ 



and hence the condition on fXi in Corollary ^3 implies that in Proposition |3.2j . □ 



As we will see below the assumption in Theorem 3.1 regarding the total volume 



and the information from Proposition 2.4 regarding the discreteness of periodic 



orbits are enough to deduce the assumptions to Corollary 3.3 
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Proof of Theorem 3.1 assuming Proposition 5.1. The idea in words is that the as 



sumption (3.4) to Corollary |3.3| expresses an upper bound on the volume of the 



intersection of collections of periodic orbits with small tubes. However, by Propo- 



sition 2.3, pieces of closed orbits can never be too close to each other, so, if the 



tubes are small enough and the total volume is big enough, a "trivial" bound on 



the volume of pieces of periodic orbits is sufficient to obtain (3.4) and so positive 
entropy. 

Let Bh C H be a compact neighborhood of the identity and let Br = exp V 
where V is a compact neighborhood of zero in the linear hull of the nonzero root 
spaces for f) acting on g. Then B = BrBh is a neighborhood of the identity e E G. 



We are going to prove the assumption to Corollary 3.3 for an arbitrary compact set 
r\rfi with compact SlcG. 

For this, note first that for t > 

£?(-*•*) = (a(t)B R a(-t)na(-t)B R a(t))B H . 

Define k = min^g^ We may assume a is regular and so k > 0. There exists 

some constant c > such that 

B<.-*<*) C Bg- Kt (e)B B) 

for all t > 0, where Bf(e) denotes a 5- neighbourhood of the identity in G. 

Recall that if gi,g 2 G QB give rise to periodic fZ-orbits of discriminant less than 



Aj then d(g 1 ,g 2 ) >n A 4 1 unless g 1 N G (H) = g 2 N G (H) by Proposition^. Now 
set U = + A for some constant A that depends on B,Q. By choosing A 

sufficiently large, we can achieve that 51,172 G gfjC - **'**) with Tgi,Tg2 € Yi and 
gen implies gi N G (H) = g 2 N G (H). 

Therefore, Yi n TgB^~ ti ' ti ^ is contained in at most one periodic N G (H)-orbit 
TgiN G {H) and hence in at most \N G (H) / H\ periodic iJ-orbits. More precisely, 
there exists 8 = 5(Sl,B) > and xx,...,xj € Tg l N G (H) with J = \N G (H)/H\ 
such that 

J 

YinTgB^^ c \J Xj B?(e). 

Since the total volume of Yi with respect to a fixed Haar measure of H is assumed 
to be A^ we see that for the normalized measure 

(H (r S B(-**'*')) < *; P Y,m,w*«*{xjBf (e)) « ATP « e~P Kt K 

j 



This shows (3.4) with 77 = ^ and the theorem in the case of (0). For (0') the proof 



uses the first case of Proposition 2.4 instead of the second. □ 



3.2. Proof of Proposition |3.2| . For any set f2 C T\G, we let 



1 ^ 



= \ x £ T\G : sup — l n o(xa(-n)) < e 

n=-T+l 



with fi 1 ^ denoting the complement of in T\G. Note that for e < 1/2 the above 
definition particularly implies that Ojvf(e) C f^. From the maximal inequality, we 
know that for any a(i)-invariant probability measure /i 

Mn^)) < i0e-V(« c )- 
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For any partition V of T\G we let 

pi'A = V Va(n). 

s<n<t 

All our partitions will be implicitly assumed to be finite. We will use [x]-p to denote 
the unique element of V containing the point x. For any finite partition V, we let 
H^iV) denotes its entropy, i.e. 

(3.6) H IM (V) = -J2»( P ) 1 °gKP)- 

Per 

We shall say that the partition V is //-regular if for every P E V the boundary 
of P has /i measure zero. 

We now fix a partition V and a compact set C T\G which will be used for the 
remainder of this section. First, we let be a compact set so that the \x measure 
of the interior of Q is > 1 - e 2 /200. Then since ^ — > fj,, for all sufficiently large i 

(3.7) fii(H) > 1 - e 2 /100 and m(Cl M(e) ) > 1 - e/10. 

Let Bi be a relatively compact symmetric open neighborhood of the identity in 
G so that: 

(1) BjC B with B a neighborhood of the identity satisfying our assumption 



(2) for any x £ fl, 

x.Bi n so(-l)flio(l) = xB[ 0A \ 

We now take V to be any (finite) /i-regular partition so that for every x € f2 the 
element [x]-p C xB\ (note that the existence of such partitions is immediate). 

Lemma 3.4. Without loss of generality we can choose B\ so that for some C and 
every n G Z + 

(3.8) B { ° ' n) C F n ■ B[ for some F n C G with \F n \ < C 

(3.9) B[~ n ' 0) C F n - B[~ n ~ 1,0) for some F n cG with \F n \<C. 



Proof. We will only prove (!L8); the proof of (|3.9|) is similar. Let q be the Lie 
algebra of G, and let g = (|) A g A be the decomposition of g into eigenspaces for 
Ad(a(i)). The Riemannian metric defined earlier on G gives us a Euclidean norm 
on g. So, for any S let B A (<T) = {g e g A : ||g|| < 6}. We take 5 X = exp(£ A S A (5)) 
where £ is chosen to be sufficiently small so that B\ C B and so that the map exp 
is a diffeomorphism from B\(S) onto its image. Clearly, 

a{t)B ia (-t) = exp^ 5 A (exp(tA)<5)) 

A 

B< s ' {) = exp(^ B A (exp( s A)5) + ]T B A (exp(tA)J)) . 

A>0 A<0 

Assuming S is sufficiently small, for every g £ B\(5) and n > we have: 
exp(g) exp(^ B x (S/2) x £ £? A (exp((n + l)A)<J/2)) 

A>0 A<0 

c 



exp(g + B *( S ) x E B A(exp((n + 1)A)<5) 



A>0 A<0 
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This follows easily, e.g. the maps (X, Y) i— > exp(X+Y~) and (X, Y) i— > exp(X) exp(F) 
from g x j to G have the same derivative at 0. 

Since clearly Ea>o B\(S) x zCa<o B\(exp(n\)5) can be covered by a fixed finite 
number, say C, of translates of 

B x (S/2) x Bx(cxp((n + l)X)5/2), 

\>0 A<0 

with C independent of n, this lemma follows. □ 



Using Lemma 3.4, one easily proves the following using induction: for integers 
k < < m and x £ f2, if 



|fc < i < m : xa(—i) £ 



then [xj-p^.m) C F x ■ E>[ k ' m ^ for some F x C T\G satisfying |F| < C n . In particular, 
we have the following: 

Corollary 3.5. For any x £ an d t € ^ + i/iere is a finite subset F x>t C T\G 

ura'tt log li^a, t| <§C et so that 

[x] v( - t , t) C F x , t -B [ - m . 
Lemma 3.6. For every sufficiently large i 

H^-'"^) > /u i (0 M(e) )(27 ? - ce)U + O n (l), 
iwi/i c independent ofQ,e,i. 

Proof. We will first calculate the entropy of pC - * 4 '**) with respect to the measure 
/4 = Mi|a M ( e )) i- e - tne measure 

1 



Mi(^M(e) 



Let {Pi, . . . , P N } = and let ^ = Mi(-Pn)- By Corollary |j, for every P„ 

intersecting f2jv/(e) ( m particular every P n with p' t > 0), one has that 

M„ 

Pn Qnm 
m— 1 

with the Qnm disjoint, each Q n m C x nrn 

B (-u,u) for 

some x nm £ r\G, and 

M„ < e ceti . Write = ^[{Qnm), and let Q = {Q nm }. Then since J2 n Pn = 1> 
E™ <m = Pn' b y convexity of log 

2x 



= -Y d p' n \ogp' n > -log(^K 2 ) 



and finally 



EK 2 = E 



E«» 



|M„| 



^E 

^{xB^'^d^x) « n e C£t ^ 2 ^ 



< e 
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by Cauchy-Schwarz, the construction of Q, and the assumption (3.4). It follows 
that 

jT M ,(7?(-**.*0) > (2ri-ce)ti+On(l). 

Let p„ = fi(P n ). Then 

H^(V { - UM) ) = -^p„logp„ > -^p„logK 

n n 

> -fj.i(n Mie) )^2p' n iogp' n 

71 

= Mi(^M(e))^( p(_t * , * i) ) > w(JW( e ))(2»7-ce)ti + On(l). 

□ 



Proof of Proposition 3.1. By Lemma p.q , we have, for sufficiently large i: 

ff w (7?(-t*.*0) > Mi (Q M(£) )(2?7 - ce)** + O n (l) > (1 - c)(2»/ - <x)U 

and using subadditivity of and invariance of /ij under a(t) it follows that for 
any n 

lU/n] 

ff M .(p(-t*.*i)) < ^ ^(pC-fcn-Cfe+iV) = ( 2 |£/ n j +2 ) J ff Ali ('p( '")). 

fe=- [ti/nj -1 

Since P is fi regular, for any fixed n we have if Mi ('P' '"- 1 ) — > H^P^ ^). Thus 

IT (p(-t*,*«)) 



^(P (0 ' n) ) > limsup- 



2 |_V n J + 2 



> 1 - e lim sup / ^' = 1-67?- «)n. 

Dividing both sides by 77 and taking the limit as first 77 — > 00 and then e — > gives 
the proposition. □ 

4. The ACTION OF i/ ON quotients OF CENTRAL simple algebras 

This section discusses further the case when G arises from the multiplicative 
group of an M-split central algebra (e.g., G = PGL„!) 

In Section 4.1 , we explicate the correspondence of Section 0, and discuss (for the 
only time in this paper) the notion of packet. This notion will be further developed 
in 01. 

In Section 4.2, we present and refine some existing theorems about the dynamics 
of the Cartan action in this setting. In the setting of G = PGL3 this isolation 
theorem was proved (in different language) by Cassels and Swinnerton-Dyer. 

4.1. Central simple algebras and PGL n . 

4.1.1. Central simple algebras: notation. Let Dq be a central simple algebra over 
Q of rank 77, i.e. Dq ®q Q is isomorphic to M n (Q) as an algebra. We assume that 
Dq is split over R, that is to say, Dq £S>q R is isomorphic to M n (R) . 

Let G be the algebraic group "PD^" associated to the projective group of units 
in Dq. The Lie algebra g of G is identified with the quotient of Dq by its center, 
the bracket operation being [x, y] := xy — yx. 

Let &r) be an order inside Dq, i.e. a Z-module of rank n 2 containing 1 and 
closed under multiplication. Choose a basis {xi,X2, ■ ■ ■ ,£ n 2 } for @d\ the adjoint 
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action of Dq w.r.t. this basis yields an embedding G — * GL„2. The intersection 
G(Q)nGL„2(Z) is commensurable with the image of G£ in G(Q); in particular, the 
image T of G^ inside G = G(R) is an arithmetic lattice. For gz we take the image 
of @d in g, and finally for B the form 

B : [X, Y) tr(l) tv{XY) - tr(X) tr(F), 

where ti(X) is the trace of "left multiplication by X on Dq" . This defines a bilinear 
form on Dq which descends to g. With these choices it is easy to check that our 
earlier assumptions hold true. 

Furthermore, we fix a maximal commutative totally real semisimple subalgebra 
Eh of Dq (g) R; then Eh is isomorphic to R™. The centralizer of Eh defines a 
Cartan subgroup H C G. 

4.1.2. Parameterization of closed orbits; lower and upper bounds for volumes. We 
shall explicate t he par ameterization of closed orbits in this particular case. Proofs 



will be given in j ff.1.3 



Let G be a totally real order, i.e. a ring which is a finite free Z-module and so 
that G (g> Q is a totally real number field. Let oi, . . . , u n : G <B> Q — > R be the 
different real embeddings. By means of 6 := (a\, . .. ,<r n ) we may regard G as a 
lattice in R"; by means of 

r? : x h-> (log | o-i |, . . . ,log|er„|) 

we may map G x (the group of invertible elements in ff) onto a lattice in R™ -1 = 
{(xi, . . . , x n ) € R™ : J2i x i}- The latter result is Dirichlet's unit theorem. We 
define the discriminant and regulator: 

(4.1) discriminants := vo\(W l /9(G)) 2 , regulator G := vol(M"" 1 /»7(^ >< )) 

Proposition 4.1 (Parameterization of periodic orbits for central simple algebras.). 

In the case of the algebraic group G = -PDq defined by a central simple algebra Dq, 
we have bijections between: 

(V) periodic H-orbits on T\G. 

(2') T-orbits on pairs (D, if) where E is a subfield of Dq of degree n, and if : 
D(g)R — > Eh is an algebra isomorphism. Here 7 maps (D, ip) to (jEj -1 , ipo 
Adij(7" 1 )). Here Adu(7 _1 ) denotes the conjugation of elements of Dq by 
1 '• 

The bisection associates to the pair (D, ip) the periodic orbit TgH , where jgG has 
the property that the conjugation h — > ghg~~ x maps Eh to E and coincides with 

■■P 

The discriminant of the orbit is a constant multiple of the discriminant of the 
order EC\Gd; the volume of the orbit is a constant multiple of the regulator of Go. 

Using this correspondence, we can obtain versions of some of the results from 
Section ^| with better exponents. 

Corollary 4.2. Notations as in the Proposition, we have: 

(i) The total volume of all orbits of discriminant D is 3> e D 1 / 2 ^ and the vol- 
ume of any single periodic orbit of discriminant D satisfies V <C e £) 1 / 2 + e . 22 



22 This part of the Corollary will not be proved in this paper, but in Jl4| . However, it is not 
used anywhere else in the present paper. 
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(ii) Let n be prime. The volume V of any periodic orbit of discriminant D 
satisfies V> (logD)"" 1 . 



We expect that the exponents of Corollary 4.2 cannot be improved. 

To be even more concrete, we specialize further to the case of the split matrix 
algebra: take D — M n (Q) and &d = M n (Z), the algebra of n by n matrices. In 
that case G = PGL„, G = PGL„(R),r = PGL„(Z). Take E H to be the diagonal 
subalgebra, thus H is the diagonal torus. 

Let K be a totally real field of degree n. 

Definition 4.3. By a lattice in K we shall simply mean a Z-submodule of K of 
rank n. Two lattices L\,Li C K are called if-equivalent (or simply equivalent) 
if there is k G K x so that k.L\ — L2- Attached to any lattice L we have the 
associated order &l := {A € K : XL C L}. Then if-equivalent lattices have the 
same associated order. 

Corollary 4.4. There is a bijection between: 
(1") periodic H -orbits on PGL„(Z)\ PGL„(R). 

(2") Triples (K,L,6) of a totally real number field, a K -equivalence class of 
lattices in K , and an algebra isomorphism 9 : K 0M — > W 1 . 

Here the triples of (2") are considered up to isomorphism in the evident sense. 

The discriminant of the orbit is a constant multiple of the discriminant of the 
order 0l associated to L, and the volume of the orbit is a constant multiple of the 
regulator of 0^. 

If one identifies PGL„(Z)\ PGL n (R) with homothety classes of lattices in R n , 
the bijection assigns to (K, \L\, 0) the iJ-orbit of the homothety class of the lattice 
0(L). Here L G [L] is arbitrary. 

It is often convenient to group the data of [(2")] by the order For instance, 
in the case when 0l is a maximal order, the associated equivalence classes [L] are 
parameterized by the class group of Gi,. Thus, approximately speaking, periodic 
H-orbits on PGL„(Z)\ PGL„(R) are parameterized by an order in a totally real 
field, together with an ideal class. 

Remark 4.5. There is a natural weaker equivalence relation on lattices L C K. 
Namely, we say that L, L' are locally equivalent if, for every prime p, there exists 
A € (K (g) Q p ) x so that (L ® Q p ) = \{L' ® Q p ). Via the parameterization above, 
this groups the periodic orbits into finite equivalence classes with the following 
properties: 

(1) Periodic orbits in the same equivalence class have the same volume and 
same stabilizer in H . 

(2) Each equivalence class has total volume V satisfying 

D 1 ' 2 ^ « e V « £> 1 / 2+c 

where D is the common discriminant. 

(3) The set of periodic orbits in each equivalence class is acted on (simply 
transitively) by a suitable class group. 

This type of grouping can be done (after choosing some auxiliary data) in a much 
more general setting; this is the phenomena of packets that will be discussed further 
in 01. 
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Again, in this special context we can obtain versions of some results of Section g 
with sharp exponents: 

Corollary 4.6. For the H-action on PGL„(Z)\ PGL n (M): 

(i) There is c > so that any bounded H-orbit of discriminant D is contained 
in ^(cD 1 / 2 ); the exponent is sharp. 

(ii) Ifn is prime, the number N (V) of periodic H-orbits on PGL„(Z)\ PGL„(M) 
of volume < V satisfies 

V V(n-i) ^ i gjV(V) < yV(«-i). 

The behavior of (ii) when n is not prime is heavily influenced by the existence 
of fields with intermediate subfields. Since the main aim of the corollary is simply 
to contrast with the case of n = 2, when one has the asymptotic log-ZV(V) ~ V, we 
do not attempt to analyze the general case. 

4.1.3. Proofs. Let G be as in Section |Xf Then maximal torii in G are in bijection 
with degree n subfields of Dq: to each maximal torus T C G one associates the 
preimage of its Lie algebra, under the natural map Dq — > g. 



Proof, ( of P rop. |4.l| .) The first part of the Proposition is a consequence of 
Lemma 2.1, taking into account the above remark and the Skolem-Noether the- 
orem pfThm. IX. 6. 7] (which assures that there exists a g € G/H such that 
e i — ► g~ 1 eg coincides with ip : E ® R — > Eh). For the assertion concerning discrimi- 
nant, let {ei, . . . , e„_i} be a Z-basis for the image of E f] &d in the quotient space 
lift them to ei, . . . , e„_i EEC] Gjj. Then ep = 1, e±, . . . , e„_i is a basis for 



i?n d . The discriminant D of the periodic orbit attached to (E,gH) is 

det{i3(ei, e,-)} = det{ntr(e 4 e :( ) - tr(ej) tr(e : ,)}i<. i j<n-i- 
On the other hand, 

disc(E n ff D ) = det{tr(eiej)}o<ij<n-i = n det{tr(e l e :) ) - tr(ej) tr(e-,)/n}i< ij <ri-i 



Proof, (of Corollary 4.2.) 

(1) The proof of (i) is most natural after the introduction of packets. We defer 
it to a later paper. It is not necessary for the proof or statement of any 
other result in this paper. 

(2) For the proof of (ii), the assertion V ^> (log!?)™" 1 , we prove the corre- 
sponding fact about or ders . If & is a totally real order of discriminant D 
and regulator V (as in (|4~H)), we will show that V 3> (log-D)' 1-1 . 

Let || • || be the sup norm on W 1 defined by \\(x±, . . . , x n )\\ — max^ \xi\. 
We claim that, for any A € &, A ^ Z, we have ||0(A)|| > D^^) . In 
fact, ||0(A 4 )|| = ||0(A)|| l and, because n was prime, 1, A, . . . , A 11-1 form a 
Z-basis for the order Z[A] C 6. Therefore, the covolume of 6 is at most 
C\\e{\)\\ n{n -^l 2 : where C depends only on n. Because the covolume of G 
is precisely D 1 / 2 , the claim follows. 

Therefore, every nonzero vector in r/(G x ) has length 3>„ logD. Now 
: ) has rank n— 1, so it must have covolume >•„ (log D)™ _1 , as required. 

□ 
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Proof, (of Corollary 4.4). It follows from Proposition 4.1: periodic i7-orbits are in 
bijection with T-orbits on pairs (K,9), where K C M n (Q) is a totally real field. 
Given such a pair, we associate to it the triple (K, [L],0). Here L is obtained in 
the following way: fix a nonzero a G Q n and let j(x) = xa for x G K . Now set 
L = j- x {Z n ). 

Conversely, given a triple (K, [L], 9), choose a basis Ai, . . . , A„ for L to obtain an 
embedding i : K — » M„(Q) with the property that 

K n M„(Z) = ^ = {AeL:ALcI}. 

We thereby obtain a pair (i(-fsT), 0) as in the previous section, and moreover the 
T-orbit of this pair is independent of the choice of basis. □ 

Proof, (of Corollary |4.6| ) (i) Let (K, [L], 9) be data parameterizing a periodic orbit; 
and let L C K be any lattice in K in the class [L]. If a G L, then also aG^ C L; 



here <&l is the order associated to L, as in Corollary 4.4. Therefore 9(o).9{0l) C 
9(L). Let D be the discriminant of fft, and the volume of W 1 /9{L). Computing 
covolumes, this shows for any (x\, . . . , x n ) G 9(L), we have T\ i la^l-D 1 / 2 > v. 

Writing || (xi, . . . , x n )\\ = maxi|xi|, we can rephrase in the following way: for 
any x = (x\, . . . , x n ) S H.9(L), HxH"!) 1 / 2 > v. It follows from this and lattice 
reduction that any lattice 9(L') £ H.9(L) has a reduced basis v±,...,v n with 

l/ l/„ £) -l/(2n) <<; M <<; u^ii « . . . « U^IJ. -Q H^ll x 

i 

where the implicit constants in <ti depend only on n. But this means also that 

IKH < I/ l/n £) (n-l)/(2n)_ 

Now let TgH belong to the associated periodic orbit. Then g~ 1 M n (Z)g consists 
of endomorphisms X S M„(R) that preserve 9(L'), for some £' G If X G 

M n (R) preserves and is nonzero, there exists 1 < i < n so that ViX 7^ 0. But 

||Ui|| < j/ 1 /n£)(n-l)/(2n) and ||^ X || > I/ l/n£,-l/(2n)_ go the operator norm f X 

w.r.t. || ■ || is > D~ x f 2 . This implies that TgH G 0(cD 1/2 ) for suitable c = c(n) > 0, 



in the notation of (2.1) 



(ii) Let n be prime; we will show that the number N(V) of periodic orbits of 
volume < V satisfies V 1 ^ 71 -^ <C \ogN(V) < V" 1 ^™- 1 ). 

The upper bound follows from the bound V ^S> (logD) n , established in Corol- 



lary |4.2|, as well as Proposition 2.9 



The lower bound follows from Corollary 4.4 and the following fact, also used in 
Section [l]: There exists a n > and ^> X a ™ totally real fields K with disc(if) < X, 
each has a maximal order &k satisfying 

regulator(^/f ) <§; (log discriminant(i^ > if))" _1 

and the implicit constants depends only on n. See §3, Prop. 1]. □ 

4.2. Measure classification and isolation theorems for central simple al- 
gebras. Let G = G(K) be a real algebraic group, r < G a lattice and H a maximal 
E-split torus. The dynamics of H is drastically different if &m\H = 1 or dimi? > 1, 
and this is reflected by the behavior of the periodic if-orbits. 



We study in detail the case G = SL(2) in §7.1. In this case, and in all cases 
dimi? = 1, the behavior of individual periodic ii-orbits in T\G is quite arbitrary. 
When dimH > 2 the situation changes dramatically. First consider the case of 
PGL n (Z)\ PGL n (R). Conjecturally, the following is expected to hold: 
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Conjecture 4.7. Let H be the diagonal split Cartan subgroup in PGL„(R) for 
n > 3 and consider its right action on PGL n (Z)\ PGL„(R). 

(1) Every ergodic H -invariant probability measure is algebraic, i.e. coincides 
with the (L-invariant) volume measure of a closed L-orbit for some subgroup 
H <L< PGL„(R). 

(2) Every bounded H-orbit is periodic. 

(3) For every compact Q C PGL„(Z)\ PGL„(R) there are only finitely many 
periodic orbits that are contained in fl. 

Part d]) of this conjecture is a special case of more general conjectures by Fursten- 
berg (unpublished), Katok and Spatzier (2(J, and M arg ulis ifjOf , and in particular 
follows from (3^, Conj. 2] (properly interpreted); see |l2j] for more details and more 
general conjectures). 

Part (||) of this conjecture can be traced back to Cassels and Swinnerton-Dyer 
JH), but in the form given here is due to Margulis (see e.g. ^7|). It would follow 
from part (Q); this can be shown quite readily using the techniques of j^j. We show 
below how to deduce part (^|) from part (Q) using a more refined and recent result. 

The same techniques also shows that part (^) of the conjecture follows from part 
(|]). This part of the conjecture has also been highlighted by Margulis (see e.g. [||[ 
Prob. 30]). 

One of the important results proved in H is an isolation theorem: given any 
periodic H orbit in X = PGL n (Z)\ PGL„(R), and any compact subset fl C X, for 
any x € X sufficiently close but not on this periodic H orbit, the orbit xH will 
intersect the complement of ft. This has been strengthened by E. L. and B. Weiss 



25 1 for PGL„(Z) and generalized by G. Tomanov to the split central simple algebra 



case 1 45 



Here will need the following slight variant of these results: 

Theorem 4.8. Let notation be as in Section U-l-lj so that T is a lattice in G = 
PGL„(R) associated to a central simple algebra. Let Y C X :— T\G be a closed 
H -invariant set. Assume that Y contains a closed orbit yL for a reductive group 
L < G such that 

(1) H < L, 

(2) yL has a finite L-invariant volume, and 

(3) Y \ (yL) contains yL. 

Then there exists a strictly bigger reductive M > L such that yM is closed, has finite 
M -invariant volume, and yM C Y . Moreover, if Dq = M„(Q) so that G = PGL n , 
then Y cannot be compact. 



The difference between |25|, |45| and Theorem ^ is that in |25|, [45J the set Y is 
assumed to be of the form Y = xH for some x € Y\G (in which case assumption 
(||) is automatic unless Y = yL). 

We also remark that, if n is prime, the only possible L as in the statement of 
the Theorem are L = H and L = G. The preimage of the Lie algebra of L in 
-Dq is actually a semisimple algebra (this statement may be verified over R; now, 
note that all reductive subgroups of PGL„(R) that contain a Cartan subgroup are, 
in fact, Levi subgroups). So the preimage of the Lie algebra of yLy~ x in Dq is a 
semisimple subalgebra I C -Dq. In order that y.L have finite invariant measure, the 
group L should not have any Q-characters; this means that [ must be be a simple 
Q-algebra; it has dimension e 2 over its center, some number field E. Then [(g) C is a 
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sum of [E : Q] copies of M e (C); every irreducible representation of it has dimension 
e, so e\n 2 . Since n is prime, this forces e = 1 and [ = E, or e = n and [ = Dq. In 
the former case, L = H; in the latter case, L = G. 



Proof of Theorem |^.4 We identify G = PGL„(R) and take H to be the group of 
diagonal n x n matrices (with proportional matrices identified). For a\, . . . , a n we 
let diag(eti, . . . , a n ) denote the diagonal matrix with entries ai, ■ ■ . , a n . 

The proof of ||, Thm. 1.1] given in p§, pp. 1490-1492] actually proves Theo- 



rem 4.8, not just for central simple algebras but for any T < PGL n (R), provided 



the following conditions are satisfied: 

• The set Y contains a periodic iJ-orbit TgoH; 

• the orbit of Tgo with respect to each of the R-subtori 

Hij = {diag(ai, . . . , a n ) G H : a, = aj} 

is not closed. 

By (3^, Thm. 2.13] the orbit yL contains a periodic ii-orbit TgoH. (In |35) 
the group is actually assumed to be semisimple. However, L is the product of its 
center and the semisimple commutator and the same holds up to finite index for 
its arithmetic lattice. Therefore, the center of L must have compact orbit by the 
finite volume assumption.) 



By Proposition 4.1 and the assumption that H is R-split the periodic orbit TgoH 
corresponds to a totally real number field K C D of degree n. Now consider two 
indices 1 < i < j < n and the R-subtorus Hij as above. Then T n ffo^ ffcT 1 = {£ <= 
K n ffp : (f>(£,)i — 4>{£,)j} where <fi : K — > R n is the algebra homomorphism induced 



by conjugation by go as in Lemma 4J. Since 4>(£,)k for k = 1, . . . ,n are precisely 
the various Galois embeddings of £ into R and at least two of these give the same 
value, £ cannot generate K and so for any k = 1, ... ,71 there is a second index £ 
with (j){£,)k — 4>{C)l- I n particular, T n goH^gq 1 cannot be a lattice in goH^g^ 1 
since n > 3. This establishes the second assumption above. □ 

Using Theorem [T^ it is easy to prove that (0) implies (||) and (Q) implies (^) in 



Conjecture 4.7. 

Indeed, suppose ([j]) in Conjecture 4.7 holds and let PGL n (Z)goH be a non- 



periodic orbit with compact closure Y . Then the restriction of the -ff-action on 
Y has an i7-invariant and ergodic probability measure [i which has to be algebraic 
by our assumption, i.e. fi is the finite L-invariant volume on a closed L-or bit f or 



some group L < G. Since H < L it follows that L is reductive. By Theorem (IS) it 
follows that Y cannot be compact — a contradiction. 

Suppose (||) holds and there are contrary to ((^) infinitely many periodic 77-orbits 
within a particular compact set fl Let Y be the closure of the union of a sequence 
of different periodic orbits TgiH in Q. Since O is compact there exists a limit point 
a; to a sequence Xi € TgiH. Clearly xH C f2. By ou r as sumption x has itself a 
compact orbit. Therefore, the assumption to Theorem |4.8| is satisfied with L = H 
which gives a contradiction to Y being a compact invariant set. 

The best known results towards Conjecture |4.7| .(|l|) are under an additional as- 
sumption, namely positive entropy. Also note that this conjecture is related to 
another open question by Furstenberg: What are the probability measures on the 
circle group R/Z invariant under multiplication by 2 and 3? The best known result 
there is Rudolph's theorem Ell saying that an ergodic such measure with positive 
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entropy must be the Lebesgue measure. Analogues in higher dimensions and homo- 
geneous spaces were first obtained by Katok and Spatzier ^l) under additional 
assumptions, see also |L9|. More recently, two methods were developed [§4] 
for the homogeneous case and together they were sufficient to show that for the 
R-split Cartan action on SL(n, Z)\ SL(n, R) positive entropy for some element is 
sufficient to deduce that the measure is the volume measure of the homogeneous 
space jn], Cor. 1.4]. 

For our purposes, we would like to consider more generally any lattice attached 
to an order in a central simple algebras as above and not just the special case of 
SL(n,Z). This extension (which was suggested to us by Silberman and Tomanov) 
does not pose additional technical difficulties, and we present it below. Note that 
examples due to M. Rees |}9| show that the theorem below as stated is false for a 
general lattice T even if G = PGL 3 (M). 

Theorem 4.9. Let notation be as in Section so that T is a lattice in G = 

PGL„(R) associated to a central simple algebra. Suppose \i is an H -invariant and 
ergodic probability measure on X — T\G such that the metric entropy /i M (a) with 
respect to fi is positive for some element a € H . Then there exists a reductive 
L < G such that fi is the L-invariant volume form on a single periodic L-orbit. 

We are following the scheme of proof of [jll], Thm. 1.3] which uses as the main tool 
the more general result Thm. 2.1] about the structure of conditional measures. 
We refer to |24|] or jll], Sec. 2.1] for the basic theory of conditional measures on 
foliations. We only recall that for every root of PGL„(R), or more concretely every 
pair of indices 1 < i, j • < n with i ^ j, there exists a system of conditional measures 
for almost every x S X defined on the corresponding unipotent subgroup Uij. 
Positive entropy means precisely that one such system is nontrivial, i.e. for some 
pair i,j the conditional measures p^ are not just supported on the identity of Uij . If 
the conditional measures f/J equal the Haar measure of [Zy (again for almost every 
x), then p is in fact invariant under Uij. Since the dynamics of the unipotent Uij 
is much better understood, this situation is desirable. Towards that [jll], Thm. 2.1] 
says that for any i, j one of the following three possibilities take place: 

(i) The conditional measures fj%! and ^ are trivial a.e. 

(ii) The conditional measures fi l J and fi^ are Haar a.e., and /i is invariant under 
left multiplication with elements of Lij — (Uij, Uji). 

(iii) Let AJ. = {diag(si, . . . , s n ) : s S (R x )" with Si — Sj}. Then a.e. ergodic 
component of /i with respect to A^- is supported on a single C(Lij)-orbit, 
where C(Lij) — {g : gh — hg for all h S Lij} is the ccntralizer of Ly. 

Lemma 4.10. For X = T\ PGL„(M) as in Theorem case (iii) of the above is 
impossible. 

Proof. In Jll], Thm. 5.1] it has been shown for G = SL n (R) that in case (iii) there 
exists an element 7 € T with the following properties: 

(1) diagonalizable over R, 

(2) ±1 is not an eigenvalue of 7, and 

(3) all eigenvalues of 7 are simple except precisely one which has multiplicity 
two. 

Note that by rescaling its elements a lattice in PGL„(R) gives rise to a lattice in 
SL„(R). The resulting quotients are isomorphic unless n is even and T contains 
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elements of negative determinant in which case we get a double cover. Because 
of this we can use the above result also for G = PGL„(R), for this we define the 
eigenvalue of 7 S PGL„(R) as the eigenvalue of the matrix after normalizing the 
determinant to be ±1. 

Since Dq ® R = M„(R) the eigenvalues of left multiplication by 7 G &p on Dq 
are precisely the eigenvalues of 7 when considered as a matrix in GL„(R), and the 
multiplicity on D is precisely n times the multiplicity in the matrix. The char- 
acteristic polynomial p(t) of left multiplication by 7 on D therefore factorizes as 
p(t) = (t — £) 2 ™ n™=3(* ~ w here £,£3, . . . ,£„ are the pairwise different eigen- 
values of 7. Since 7 € ff x , the polynomial p(t) has integer coefficients and trailing 
coefficient ±1. If £ ^ Q, then a Galois conjugate of £ must be a root of p(t) of the 
same multiplicity which is impossible by (3). Therefore, £ € Q which forces £ = ±1 
— a contradiction to (2). □ 



Proof of Theorem ^. <5 . As explained before our assumption of positive entropy trans- 
lates to the nontriviality of some conditional measures, i.e. there are pairs of indices 
i,j for which (i) above fails. By the above lemma (iii) can never hold, so /i is in- 
variant under Lij . Let L be the subgroup generated by all the unipotent subgroups 
Uij under which fi is invariant. Clearly L is normalized by H , and in fact we can 
reorder the indices such that L equals Yli=i SL mi (R) embedded into PGL n (R) as 
block matrices. We will show below that X)i=i TO « = n - 

By 1 29, Theorems (a) and (b)], applied to /1 and the group HL, we know that 
there is some L > L which is normalized by H so that almost every L-ergodic 
component of fi is the L-invariant measure on a closed L orbit. In particular /i is 
L- invariant, which unless L < HL contradicts the definition of L since otherwise 
L contains further unipotent subgroups which preserve \x. Let now x — Tg have 
a closed L-orbit xL of finite volume. Then = gLg^ 1 n T is a lattice in gLg , 
and so the latter is defined over Q. Therefore, the same is true for the semi-simple 
gLg -1 — \gLg~ 1 , gLg^ 1 ], A^ = gLg~ x n T is a lattice in gLg' 1 , and xL is closed 
with finite volume. However, this implies L = L. 

Moreover, by Theorems (a) and (b)] fi is supported by a single orbit of the 
normalizer Ng{L). If in addition X)f=i m i = n i then Nq{L) — HL and /1 must 
be the unique TJL-invariant measure on the HX-orbit. Since HL is reductive, this 
would prove the theorem. 

So suppose 2Ji=i m i < n - Since gLg' is a Q-group, so are the normalizer 
NaigLg' 1 ) and its center Z — C{Nc{gLg~ 1 )). Here g~ 1 Zg < H consists of all 
diagonal matrices for which all entries in a block corresponding to one of the factors 
of L are equal to all other entries in the same block, and for which all remaining 
entries are also equal. Moreover, if L',Z < D x denotes the algebraic group over 
Q corresponding to gLg' 1 and Z, then the Lie algebra of L'Z is a Q-subspace 
of Dq. Going back to GL„(R) and the block matrix description of all of the above 
groups, it is easy to see that is invariant under left multiplication by Z C D x . 
The determinant of this representation defines a Q-character of Z. We claim that 
this determinant is as a character linearly independent from the norm character 
(defined by the left multiplication on D<q as a representation). However, this again 
can be easily seen from the block matrix description: the entries corresponding to 
the factors of L are used in higher powers than the remaining ones. Therefore, 
Z has Q-rank at least two — modulo 3 X this shows that Z has Q-rank at least 



DISTRIBUTION OF PERIODIC TORUS ORBITS 



31 



one. If h G g~ x Zg is such that the value of the Q-character is bigger than one, 
then it follows that hP . x — > oo for j — > oo for all points in the iVG(X)-orbit (where 
the divergence to infinity is understood within the A r G(L)-orbit). This contradicts 
Poincare recurrence, and so proves the theorem. □ 



5. Density and distribution of periodic orbits in higher rank 

In this section we employ the tools developed in §|| and §)!] to prove statements 
about periodic orbits in T\G with T a lattice associated to an order in a degree n 
central simple division algebra, split over R, in G = PGL n (M). 



We first use Theorem 3.1 to give a general, if somewhat messy, theorem regard- 
ing the distribution of periodic if -orbits. Note that if T\G is noncompact, it is 
also a conditional result. Later in this section we will deduced from this theorem 
somewhat cleaner results regarding density properties of these periodic orbits. 

Theorem 5.1. Let T be a lattice in G = PGL„(R) obtained from an order in a 
central simple algebra of degree n, split over R. Let p > be arbitrary. Let Yi — 
{ynH, . . . ,yi ni H} be a collection of periodic H-orbits in X = T\G and A; — > oo 
satisfying 

(1) the discriminant of all yijH is at most Aj 

(2) the total volume of all the orbits in Yi is bigger than A?. 

Let Hi be the sum of the volume measures on the compact H-orbits yijH in Yi 
(1 < j < rii), divided by the total volume of these orbits (so that fii is a probability 
measure). Suppose that 

(3) fj,i — > /i as i — > oo in the weak* topology for some probability measure p. 
Then 

m 

p = aiVi 

i=0 

with m € N U {oo} and 

(a) each v.i is a Li -invariant probability measure on X , and ai > 0. 

(b) for every i > 1 the measure v% is the Li invariant probability measure on a 
single periodic orbit of some closed subgroup Li < G which properly contains 
H. 

( c ) Y^hLi a i ^ c nP, where c n is a constant which depends only on n. 
Explicitly, we can take 23 

1 



2(T) 



In particular, p is not compactly supported. 

Proof. Decompose p into its H ergodic components, 

p = vdr{v) 



23 If 

one assumes the discriminant of all yijH is precisely A;, this constant can be improved 
by a factor of two. In either case this bound is far from optimal - and indeed a better bound can 
be obtained if one makes a more careful analysis. 
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where r is a probability measure on the space of (Borel) ff-invariant and ergodic 
probability measures on X. Then, if a(t) is a one-parameter subgroup of H, 

hM')) = I K(a(-))dT(v). 



By Theorem 4.9, each such v with h v {a{-)) > is algebraic: i.e. is the L-invariant 
probability measure on a single periodic L orbit, with L a closed group properly 
containing H (depending on v), and furthermore each such v is not compactly 
supported. Since there are only finitely many possibilities for L, and any such L 
has only countably many periodic orbits 24 it follows that we can write \x as 



/i = a v 



+ 2J a-iVi 



with a, > 0, hu (#(•)) — and each Vi an Li invariant probability measure on a 
single periodic Lj o rbit, L, > H a closed subgroup of G. This establishes (1) and 
(2) in Theorem 

we know that ft, A1 (a(-)) > pc n h maal (a{')) f° r 



By Theorem 3.1 



( n — 1 n — 3 — n + 1 \ 
a(t) = exp(rti) with h = diag I — ^— , — — , Jet) 

and c n = [2(™^ 1 )] _1 . Since, by Ruelle's inequality 25 the Haar measure on T\G has 
maximal entropy, we have: 



MoO) = / K{a{-))dT{v) 

= J2 a i h »M-))< («(•)) E 



ft, 

i>l i>l 



it follows that X)i>i a * — as claimed. □ 

5.1. Peri odi c orbits within a fixed compact set. We now turn to proving 
Theorem [lJ. This theorem states that if n > 3, G = PGL„(M), and T = PGL n (Z), 
for any e > 0, and any compact il C X — T\G, the total volume of all periodic H 
orbits completely contained in f2 with discriminant < A is <C E n A e . 



Proof of Theorem 1.4- Fix Q, e. Suppose in contradiction that there is some C and 
an infinite sequence of Aj — > oo so that, for every i, there is a collection of periodic 
orbits Yi = {ynH, . . . , yi ni H} so that 

(i) each yijH c f2, 

(ii) the discriminant disc(yijH) < Aj, 

(iii) ££iVol(tt 3 -iO>CAf. 



This countability issue is mostly irrelevant for our purposes, but for completeness suppose 
xL is periodic for x = gF. Either by [[3^, Thm l.ll (where one needs first to show that x is 
periodic also under V = [L, L]) or, more directly, by |q, Prop. 2.1] there are only countably many 
possibilities for gLg -1 . But {</ : g'Lg' -1 = gLg~ } = gNc(L) and [Nq(L) : L] < oo. Hence 
given a conjugate L of L there are only finitely many orbits xL in X for which x can be written 
as YgL with gLg~ x = L. 

25 This is usually stated for diffeomorphisms of compact metric spaces. In the context we need, 
the claim is contained in [OS, Theorem 9.7]. 
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Define for each i a probability measure fit as in Theorem [3j]. By (i) above, all the 
measures fii are supported on the compact set Ci, and so without loss of generality 
we can assume that fii converge weak* to some probability measure \x which would 
also be supported on Cl. 



However, Yi satisfy all the assumptions of Theorem 5.1, and it follows that \x 



cannot be compactly supported — a contradiction. □ 
5.2. Density of periodic orbits for K-split division algebras. Because (3) of 



Theorem 5.1 is automatically satisfied, for the compact quotients X = T\G arising 



from R-split degree n > 3 division algebras over Q one can get more precise infor- 



mation regarding density properties of periodic H-orbits. We recall Theorem 1.6 
in a slightly more explicit phrasing: 



Theorem 1.6'. Let X = T\G be as in (L-2) of the introduction, i.e. T is a lattice 
in G = PGL„(K) associated to a division algebra over Q (see Section |4.1.1| for 
details). For any i let (xij)j=:i.,...,iv 4 be a finite collection of -ff-periodic points with 
distinct ii-orbits such that 



Ni 

}^vo\(xijH) > C max(disc(a:i jH)) p . 
r-f 3 

Suppose that there is no periodic L-orbit of a group H < L < G (with both 
inclusions proper) containing infinitely many Xij. Then \J i . Xi^H = T\G. 

Proof. Suppose that the sequence of collections of -ff-periodic orbits 

Yi = {yaH,... ) y i jH} £=1,2,... 

forms a counterexample for some fixed C, p, i.e. this sequence satisfies all the 
conditions of the above statement, but Ufci VijH do not become dense. Then 
there is some open U <Z X so that for every i,j we have that y.ijH <~)U = 0. 

Define probability measures fj,i for each Y{ as in the proof of Theorem 1.4, and 
passing to a subsequence if necessary we may assume that the measures \ii converge 
in the weak* topology to a probability measure \x. By Theorem |5.1| , fi = aiVi 
with ai > 0, h Vo (a(-)) = and each vi an Li invariant probability measure on a 
single periodic orbit, Li > H a closed subgroup of G, and J2i>i a i — c nP- 

Suppose v\ is a L\ invariant probability measure on the periodic orbit X\L\, 
with a\ > and L\ > H. It follows from [|35| Thm. 2.13] (see the beginning of the 
proof of Theorem |4.8| ) that xiL\ contains a periodic H orbit, say zH. 

Define 

Tli 

y = n u u w h - 

k>\ i>kj=l 

Since U is open and disjoint from all UijH, we have that U n Y = 0. Also, since 
fii converge to /x, and fi > aiVi, we know that zL\ = x\L\ C Y . Let M > L\ be 
a maximal closed connected subgroup of G so that the orbit zM is periodic and is 
contained in Y. Clearly U f)Y = implies that M 7^ G. On the other hand, since 



M 7^ G it follows from the assumptions of Theorem 1.6 that there is some io so 
that yij ^ zM for all i > io, hence 



Y = fl U \jvii H \ ^Y\zM. 

k>io \i>k j=l 
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By Theorem 4.S, there is a strictly bigger M > M so that zM is periodic and 



contained in Y — a contradiction. □ 

6. Applications to sharpening Minkowski's theorem 

In this Section, wc translate one of the foregoing results into number-theoretic 
terms. As it turns out, it has a rather pleasant application to sharpening an old 
result of Minkowski. 

6.1. Minkowski's theorem. We recall Minkowski's theorem regarding ideal classes, 
which in particular implies finiteness of the ideal class group: 

Theorem 6.1 (Minkowski's theorem). Let K be a number field with maximal order 
0k- Then any ideal class for K possesses a representative J C &k of norm 
N(J) = 0(y/ disc(if)) where the implicit constant depends only on d. 

We conjecture that this is not sharp for totally real number fields of degree d > 3 
insofar as one can replace O(-) by o(-): 

Conjecture 6.2. Suppose d > 3 is fixed. Then any ideal class in a totally real 
number fields of degree d has a representative of norm o(y // d\sc{K)) . 

We expect that this is false for d = 2. See discussion in Sec. [T^. 

Let if be a number field, &k its integer ring, and [J] an ideal class of 0k- 
We will denote the regulator of K (more precisely of the integer ring 0k) by Rk- 
Define 

m(\J],K)= min N(J) 
J'e[J],J'cffK 

m(K) = maxrn([Jl, K). 
[J] 

where, in the latter definition, the maximum is taken over all ideal classes of K. 
Let h$(K) be the number of ideal classes in K with m([J],K) > <5disc(A) 1 / 2 . 



We prove the following towards Conjecture S.2 



Theorem 6.3. Let d > 3, and let K denote a totally real number field of degree d. 
For all e, 5 > we have: 

(6.1) R Khs(K) X s 

disc(K)<X 

In particular: 



(1) "Conjecture 6Jk is true for almost all fields": The number of fields K with 
discriminant < X for which m(K) > S ■ disc(K) 1 / 2 is O e (X e ), for any 
e, 5 > 0; 



(2) "Conjecture 6.i is true for fields with large regulator": If Ki is any sequence 
of fields for which Urn inf lo ^J K) > 0, then m{Ki) = o(disc(is: i ) 1/2 )- 



By comparison, we note that Conjecture 6.2 follows from Conjecture |1.3| - see 



Corollary |6.6| . Moreover, if one assumes the GRH one may show that m(K) <C 

r 2 



(disc K ) 1+£ R K 2 , i.e., one may show a quantitative version of the second assertion of 



the Theorem, but only in the range when Rk is significantly larger than (disc K) 1 ^. 
The proof of this is very easy, but we postpone it to the paper |l4| , where we discuss 
(■-functions more systematically. 
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While the statement of both the Conjecture and Theorem are quite modest 
(postulating only o(Z) 1 / 2 ) instead of 0(D 1 ^ 2 )), we note that Minkowski's bound is 
in any case very close to sharp: 

Proposition 6.4. For any d > 2 there exists a c' > such that there is an infinite 
set of totally real fields of degree d for which m(K) > c' -disc(K) 1 / 2 (log disc(K) ) 1 ^ 2d . 

Proof. It has been proved by Duke [|| that there exist infinitely many totally real 
fields K of degree d whose class number is > c(d) disc(iir) 1 / 2 (log disc(K))~ d , where 
c{d) is an explicit positive function of d. On the other hand, the total number of 
integral ideals with norm m is bounded by <7<j(m), where ad{m) is the number of 
ways of writing m as an ordered product of d non-negative integers. So, the number 
of integral ideals with norm < X is bounded by ^2 m<x &d(m) "C Xlog(X) d ~ 1 . 
Thus there must exist at least one ideal class which has no representative with 
norm < disc(/-0 1 /2(l og disc( J F0) 1 - 2!i . D 

6.2. Translation to dynamics. Throughout this section, let G = PGLd(lR), T = 
PGLd(Z), X = T\G, and H < G the group of diagonal matrices. 



As we show in Proposition 6.5 below, if if is a totally real number field of a degree 
d and 9 : K R — > M. d is an algebra isomorphism, m([J],K) is intimately related 
to how far the iJ-orbit of (the homothety class of) the lattice 9(J~ 1 ) (considered 
as an element of X) penetrates the cusp of X. Recall that this orbit is the periodic 



ii-orbit associated to the data (K, [J ], 9), in the notation of Corollary 4.4. 



For d = 2 there is no reason to believe there should be any constraints on such 



an 77-orbit, and we expect that Theorem 3.1 cannot be improved in this case. 



Establishing this rigorously is somewhat complicated because not all peri odic H- 



orbits can be obtained as 6*(J _1 ) for some ideal J C &k (by Corollary iA the 
periodic 7i-orbit are encoded by triples (K, [L], 9), and in this section we are only 
interested in periodic orbits for which the associated order &l is the maximal order, 
i.e. e K ). 

Because the dynamics of the action of H on X is much more rigid for d > 3 
(see §ji|), w e ex pect the stronger Conjecture |6.2| t o hold, and we show in §0 that 



Conjecture 6.2 would follow from Conjecture 1.2 



6.3. Small norm representatives of ideal classes and ii-orbits. For any 

S > let Q'g C X denote the set of homothety classes of lattices A < R d containing 
no vector v with ||i>|| < <5covol(A); equivalently 

Q' s = jrp G X : ||m 5 ||^ > Sdet(g) for every m € Z d | . 

This set is compact by Mahler's Compactness Criterion J3(| Cor. 10.9], gi ving a 



slightly different system of neighborhoods of infinity to that used earlier ((2.1)). 
We note that fl' a C fl' b if a > b. The previous system of neighbourhoods, however, 
has the advantage of being defined for a general group. 

Proposition 6.5. Let K be a totally real number field of degree d, 9k ■ K ®R — > R d 

an algebra isomorphism, and J a fractional ideal of K . Let Y be the periodic H-orbit 
on T\G associated to the data (K, \ J~ l ],9). Then the following are equivalent: 

(a) m(K, [J]) < 6disc(K)^ 2 

(b) Y is not contained in Q' s . 



3(5 



M. EINSIEDLER, E. LINDENSTRAUSS, PH. MICHEL, A. VENKATESH 



Proof. Let us first notice that, if A C R d is a lattice, then H.A C £l' s if and only if, 
for all (x%, . . . , Xd) £ L, we have ]J i \xi\ > <5covol(A). 

Apply this remark to the lattice A = #(J _1 ); recall that Y is precisely the 
-ff-orbit of this lattice (or, rather, its homothety class). The covolume of A is 
N (J) -1 (disc K) 1 / 2 , where N(J) is the norm of the ideal J. On the other hand the 
product of the coordinates of 9(x) (for x £ K) is the norm N(x). 

Therefore, condition (b) is equivalent to: 



(6.2) 



There exists x £ J 



\N(x)\ < 6 N (J)' 1 (disc K) 1 ^. 



But elements x £ J -1 map surjectively onto the set of ideals / C 0k which 
belong to the same ideal class as J; the map is x i— > x.J . Therefore, (3.2) translates 
to condition (a). □ 

Note that, for S sufficiently large, fl' s is empty. Thus the Proposition immedi- 



ately implies Theorem 6.1 (at least for totally real K). Another direct corollary of 
Proposition 6.5 is the following: 



Corollary 6.6. Conjecture l.S implies Conjecture 6.i 



Proof. If Conjecture |6.2| were false, then for some 5 > there is an infinite sequence 
of totally real fields Ki (equipped with an algebra isomorphism 0j : Ki ® R — > R d ) 
and ideals Ji C Gjii with m([Ji],Ki) > 8^/ disc(AT). By Proposition |6.5| this gives 
us an infinite sequence of periodic TJ-orbits all inside the fixed compact set Q' s , in 
contradiction to Conjecture 1.3. □ 



Substituting Theorem L4 for Conjecture L3, a similar argument gives the fol- 
lowing: 



Proof of Theorem 6.5. Suppose Theorem 3.3 was false. Then there will be C, e, 6 > 
and a sequence of integers Di — > oo so that 



(6.3) 



E 

disc(if) <Z5i 



R K h s (K)> CDI foralH, 



the summation being on totally real number fields of degree d. Fix for every totally 
real field K for which m(K) > i5^/disc(A") an algebra isomorphism 9k '■ K ® R — > 
R d . Let [Jk,o\ (j — !)•••) h$(K)) be the ideal classes of K with m([JK.j], K) > 



Let Yk.j be the periodic i?-orbit parameterized (in the language of Corollary [4.4|) 



by (AT, [J k \],9k), i-e. the 7J-orbit of the homothety class of 6k(Jk Corollary 



4.4 



states that Yx,j are periodic i/-orbits with volume proportional to Rk and 
discriminant proportional to disc(Af); Proposition 6^ shows that Yjc,j C Q' s . 
Our assumption ( |6~^ ) implies that the collections of periodic iJ-orbits 

Ci = {Y K ^ : K totally real with disc(AT) < D h 1 < j < h s (K)} C tt' s 

have discriminant < Di and total volume ^> D\ , contradicting Theorem 1.4. □ 



7. Examples of periodic orbits which do not equidistribute 

In this section we discuss in detail the example of n = 2 (where rigidity for the 
action of the diagonal group completely breaks down) as well as examples for n > 3 
showing that individual orbits can escape to the cusp. The latter class of examples 
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are particularly relevant, because they suggest strongly that some of the hypotheses 
in our previous theorems cannot be easily removed. 

7.1. Abundance of periodic orbits in compact sets in PGL 2 (Z)\ PGLa(lR). 
As we discussed in section |2| there are two natural parameters attached to each 
periodic 77-orbit TgH of an arithmetic quotients T\G. The discriminant disc(rgiJ) 
which measures the arithmetic complexity of the orbit and the volume (or regulator) 
of the orbit vol(TgH) which is the covolume of the lattice g _1 Tg n H in H . As 
we have seen it is natural for us to order the periodic orbits by their discriminant 
but to use the volume as weights when counting the orbits. In this sense the 
next theorem shows that quite many periodic orbits under the geodesic flow on 
PGL 2 (Z)\ PGL 2 (M) belong to a fixed compact set. 

Theorem 7.1. Let G = PGL 2 (R), T = PGL 2 (Z), and X 2 = T\G. Let 

H={( et/2 £ - t/2 ):te 

be the diagonal Caftan so that the action of H on A 2 is precisely the geodesic flow 
on the ( unit tangent bundle of the ) unimodular surface. Then for every e > there 
exists a S > such that 

vol(TgH) » A 1 " 6 , 

disc(rgH)<A,r g Hcn' s 

where £l' s is the compact set defined in Section \6. 4 

In comparison, we remark that without the restriction on the compact set (cf. 
0) 

vol(TgH) < e A 3 / 2+e . 

disc(r 9 _ff)<A 

This theorem is just a special case of the general philosophy that the dynamics 
of K-rank one Cartan groups H C PGL 2 is very flexible. Using similar methods the 
theorem can be generalized to periodic orbits arising e.g. from cubic number fields 
with one real and one complex embedding (where S 1 x K >0 = H < PGL^R)). We 
restrict our attention to the special case of the geodesic flow only for brevity, and 
to be able to give a simple self contained treatment. We will indicate references for 
the general case. However, as we have seen the higher rank case is very different, 
see Section |[ 



For the proof of Theorem 7.1 we will need several lemmata. 



Lemma 7.2. (cf. Proposition 2.8) There exists a constant C > such that 

vo\(TgH) > \ogdisc{TgH) - C 
for any periodic orbits TgH . 

Proof. Since both the volume (i.e. regulator) and the discriminant only depend on 
the order and not on the proper ideal associated to the orbit in Corollary 4.4, we 
can assume without loss of generality (replacing, in the notation of that Corollary, 
"L" by W) that the orbit is defined by data (Q(VZ>), 0, 9), where G C Q(VD) 
is the order of discriminant D. 

By definition 6 gives rise to a lattice := 9{&) C M 2 of covolume D 1 / 2 . Since 
1 G 6 we have (1, 1) e A<? which is a "short vector" in comparison to the covolume. 
To see better why (1, 1) is short, let us renormalize kg by a homothety to covolume 
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one. Then (D 1 / 4 ,D 1 / 4 ) belongs to the so obtained lattice A@. Applying the 

geodesic flow h t = I _ t / 2 J ( m cither direction) makes this vector longer. 

However, as long as \t/2\ < log(D 1 / 4 /2) the vector v t = (Z^ 1 / 4 , D" 1 / 4 )/^ -1 would 
still be of norm less than one. Note that Vt is moving along a hyperbola for varying 
values of t. The unimodular lattice A^h^ 1 can only contain (up to sign) one vector 
of length less than one. Therefore, t i— > A^h^ 1 is injective for t € [— | log D + 
2 log 2, i log D — 2 log 2] and the lemma follows. □ 

We recall the notion of topological entropy for a continuous transformation T : 
Y — > Y on a compact metric space ( Y, <i) . For 77 > and a positive integer N let 
Sti,n{P) be the maximal number of points 2/1,2/2, • • • , 2/s„ w such that for any i ^ j 
there exists some < k < N with d(T k yi,T k yj) > ?;. Then the topological entropy 
is defined by 

V, /vt* r 1- lQgSrj.n^) 

htop(J ) = hm hmsup - . 

The following is a simple special case of a very general fact, see |23| and the 
references therein. 

Lemma 7.3. For any e > there exists 6 > such that the restriction T of (the 
time one map of the geodesic flow) hi to 

Y s = {xen' s : h t .x £ n' s for all t > 0} 

satisfies h t0 p(T') > 1 — e. In fact, we have s, h N > e*- 1-6 ^ for sufficiently small rj. 

Proof. Recall that u € R is badly approximable (BA) if 26 liminfm^oo m (mu) > 
and that the set of badly approximable numbers has Hausdorff dimension one. 
Moreover, since the Hausdorff dimension of a countable union is a supremum of 
the dimensions of the individual sets, it follows that for small enough 6 > the set 
BA(5) of elements u € [0, 5] with liminfm^oo m(mu) > S has Hausdorff dimension 
greater than 1 — e. In particular, for sufficiently small r]i > there exist at least 
rjj ^ ^ many such u € BA(S) that are at least 771 far apart. 

Let x u = r ^ for some u 6 BA(S). We claim that x u <G Y5. For, if 

not, there exists t > is sothat the lattice Z 2 , t /o ) contains 



1 J V ^ 2 , 

a vector (me */ 2 , |mu + m'|e*/ 2 ) whose coordinates have product < <5 in absolute 
value. Then m ^ and |m(mu + m')| < <5. 

Since hi y /i^ 1 = ^ it follows that the distance between two close 

/ y to\ 

by points on the same orbit of I I is uniformly increasing until the distance 



1 / 

is bigger than the injectivity radius of the local isomorphism between G and X 
at the image point. For u\,U2 £ BA(S) the points Xi = T ^ will stay 

forever in Sl' g . So if u\, U2 are 771 = e~ N r/o far apart, we can ensure by choosing 770 
sufficiently small that d(T k .xi, T k .X2) > T] for some k with < k < N. This shows 
that s Vi n > e' 1-6 ^ for sufficiently large N and so h top (T) > I — e as claimed. □ 

2 ^In this context, (x) denotes the nearest integer. 
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To obtain periodic points from the above lemma regarding topological entropy 
we need the following standard facts from hyperbolic dynamics. We do not give 
here the statements in their full strength — not even for the special case considered 
here, see e.g. [§§, Sec. 18.1.]. 

Lemma 7.4. (Shadowing lemma) For any rj s > there exists p s > such that 
if d{x- 1 x+) < p s , then there exists y with d{h t .y,h t .X-) < r] s for all t < and 
d(h t .y, h t .x + ) < rj s for allt> 0. 

(Anosov closing lemma) For any ry c > there exists p c > such that if d(x, h^x) < 
p c for some N > 1, then there exists y and T € [N — rj c , N + rj c ] such that hx-y = y 
and d(h t .x, h t .y) < r\ c for t € [0, N] . 

Proof. Write X- = g.x+ with g = [ ) , dig, e) < p and detg = 1. Define 

\<?21 322/ 

y = -X- . It is easy to sec that for small enough values of u this y will always 

satisfy the first part of the shadowing statement. Since y = ( "| f'^ 11 ^ 12 \.x + = 

,9n + 321" 3i2 + 322" \ it f u similarly that for u = both parts to 
.921 322 J + 922 

shadowing hold true. 

Suppose now hpj.x — g.x with g as before. Define x — ( ^ J .x. Then 



h-N-x = hisf ( } h^h 



. ,„ N h N .x = I N \ g , 
u 1/ " \e u 1 J \— u 1 

3n - "3i2 3i2 
-e~ N g 12 u 2 + e~ N gnu - g 22 u + g 2 i 322 + e^ N ug 12 J 

If p c and so (gn — 1), 912, 321, (322 — 1) are sufficiently small, the quadratic poly- 
nomial in the low left corner has a unique root u close to zero. In other words 
by replacing x by the close by point x we can assume that 1721 = 0. Now define 

y = ^ ^\ .x. A similar calculation (which in fact now leads to a linear equation) 

shows the Anosov closing lemma. □ 



Lemma 7.5. Let e and S be as in Lemma |7.j| . Then the number of periodic orbits 
of length less than V that are contained in Q'$ is 3> e( 1 ~ c - )V \ 



Proof. By Lemma 7.2 we can choose r\ such that for large enough N there are 3> 



e (l e ) v many points x\, ... € Y$ with d(h k.Xj , hk-Xj) > 77 for < k — k(i,j) < N 



We are going to apply both parts of Lemma 7.4. The parameters r) s and r) c we choose 
such that after application of both statements to get points yi, ... € X we still have 
dihk-Vii hk-yj) > T)/2 for k = k(i,j). By choosing the parameters for the closing 
statement first, we can assume that 2rj s < p c . Since the geodesic flow is ergodic, 
there exists a finite p s -dense set of points z±, . . . , zn in and for every Zi finitely 
many times t(i,j) such that the set of points h t (ij).Zi for varying j is (p c — 2rj s )- 
dense in Q' s . Therefore, for every x m we can find a Zj with d(hN.x m ,Zi) < p s 
and obtain by shadowing a point x m with d[x m , hN+t(i,j)-x m ) < Pc- Applying the 
closing lemma, we arrive at points yi, . . . £ X with periodic orbits. These periodic 
points belong for varying N to a fixed compact set, namely to a neighborhood of 
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the union of fig and the finite pieces of the orbits of zi, . . . , ze used in the argument. 
The length of the orbits are all below V = N + max^.j fcy +rj c . In particular, every 
periodic orbit can be counted at most 0(V) times since any two points in the list 
are at some moment rj/2 far apart. Since e is arbitrary, this does not affect the 
statement of the lemma. □ 



Proof of Theorem 7.1. Let e, 5 be as in Lemma 7.3. Since there is a lower bound 



on the length of an i7-orbit we have 

yo\{T 9 H) > e^- e)v 



E 



voi(r g H)<v,rgHcn' s 



by Lemma 7.5. If we set V = log A — C, then vol(TgH) < V implies disc(LgiJ) < A 
by Lemma 



1.% Therefore, 

vol(TgH) > e (1 " £)y > A 1_£ 

disc(rgH)<A,rgHC£l' s 

as claimed. □ 

7.2. Fields of small regu lator and non-equidistributed orbits in higher 
rank; proof of Theorem [l.l0| . As an example which is illuminating in its own 
right, we construct using the above parameterizations a sequence of periodic H- 
orbits for which a positive fraction of mass escapes to the cusp. More precisely, we 
shall construct a sequence of periodic /f-orbits Yi on PGL n (Z)\ PGL„(R) with the 
following properties, for some constants a n , b n > 0: 

(1) The number of Yj with discriminant < A is ^> A a ". 

(2) Any weak limit of the TJ-invariant probability measures hy { on Yi has total 
mass < 1 — b n . 



This example will, in particular, prove Theorem 1.1C asserted in the Introduction 



We would like to thank Peter Sarnak for suggesting the possibility of it. 

Proof. Indeed, Duke has established (cf. || §3, Prop. 1]) that, for every degree 
n, there is a constant C = C(n) and infinitely many totally real fields Ki whose 
Galois closure has Galois group S n and whose regulators satisfy the inequality 
R Ki < Caogdisc^))"- 1 . 

For each such Ki, let &i be the maximal order, fix an algebra isomorphism 
Ki ® R — > R™, and consider the periodic orbit associated to the triple (K i: [&i],Q). 

Let a : Ki <g) R ->• M™ be the map x i-> (log \6(x)i\,log\9(x) 2 \, . . . ,log|0(ar)„|). 
Let A be the image of under the map a. Then the R-span Ar of A is, by 
Dirichlet's unit theorem, precisely the subspace {(yi, . . . ,y n ) £ 1" : ^j; = 0}, 
the image under a of elements (Ki <g) R)W of norm 1. Moreover, a induces an 
isomorphism of torii 

a: (Ki®R)M/0? — > Ar/A 

Endowing the left-hand torus with the measure transported from Lebesgue mea- 
sure on Ar C R ra , the volume of the left-hand torus is Rxi- On the other hand: 

(1) Since Ki has no intermediate subfields, all nonzero elements of A have 
Euclidean length > clogdisc(ATi), for a certain constant c depending only 



on n (cf. e.g. fl(J or proof of Corollary 4.2 (ii)) 
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(2) If x e (Ki <g> R)W is such that | log \9(x) t \\ < § log disc (Ki) for each i, then 
the lattice 9{x.€?i), which has covolume x disc(i^) 1 / 2 , contains a vector of 
Euclidean length < ^/n(d\scKi) c / 2 . 

Fix a compact subset O C PGL„(Z)\ PGL„(K). It follows from these remarks 
that there is a subset ® of volume > ^(logdisc^))"" 1 , where 

d depends only on n, such that the lattice Q(x.@i) does not belong to £1 for all 
sufficiently large i. Since the total volume of (Ki <g> R)' 1 )/^* w.r.t. the measure 
defined above was < C(logdisc(.?Q))™ _1 , this implies the conclusion. □ 
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